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Devwudfw
Wklv sdshu frqwdlqv d vwxg| ri vwrfkdvwlf vwdelolw| ri wkh ghyhorsphqw wuds lq d prgho
ri hfrqrplf jurzwk zkhq wkh surgxfwlrq ixqfwlrq lv vxemhfw wr h{whuqdolwlhv dqg/ dv
d uhvxow/ wkh ghyhorsphqw wuds vwhdg| vwdwh lv lqghwhuplqdwh1 Lq wkh suhvhqfh ri lqgh0
whuplqdf|/ vxqvsrw htxloleuld fdq h{lvw1 L vwxg| wkh vwdelolw| ri wkh wuds/ vxemhfw wr
frqwlqxrxv0wlph vxqvsrw vkrfnv/ prghohg dv d Zlhqhu surfhvv1 Joredo g|qdplfv ri
wkh ghwhuplqlvwlf dqg vwrfkdvwlf yhuvlrqv ri wkh prgho duh frpsohwho| fkdudfwhul}hg1
Qxphulfdo vlpxodwlrqv ri wkh surfhvv ri hvfdsh iurp wkh sryhuw| wuds fdxvhg e| wkh
suhvhqfh ri vxqvsrw  xfwxdwlrqv duh frqgxfwhg1 Hvfdsh wlph dqg suredelolwlhv duh hvwl0
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Vhujh|1Vorerg|dqCfhujh1fxql1f}1 +.753 5, 57 338 5441 Wklv sdshu lv edvhg rq wkh vhfrqg
hvvd| ri p| Sk1G1 wkhvlv frpsohwhg dw Zdvklqjwrq Xqlyhuvlw| lq Vw1 Orxlv/ XVD/ dqg zdv
sduwldoo| zulwwhq gxulqj d uhvhdufk ylvlw wr wkh Ihghudo Uhvhuyh Edqn lq Vw1 Orxlv1 Ilqdqfldo
vxssruw iurp erwk lqvwlwxwlrqv lv judwhixoo| dfnqrzohgjhg1 Iru khosixo frpphqwv wkh dxwkru
wkdqnv Zlooldp Eduqhww/ Jdhwdqr Dqwlqro/ Mdphv Exoodug/ Mrkq Gx|/ Khlq} Vfkdhwwohu/




Dqqxdo VQGH V|psrvlxp/ dqg Zruog Frqjuhvv ri wkh Hfrqrphwulf Vrflhw|14 Lqwurgxfwlrq
414 Ghyhorsphqw W udsv dqg Lqghwhuplqdf|
Wkhuh duh vhyhudo w|shv ri prghov wkdw surgxfh ghyhorsphqw wudsv ru sryhuw|
wudsv1 Rqh jurxs/ ehvw uhsuhvhqwhg e| D}duldglv dqg Gud}hq +4<<3,/ uholhv
rq wkuhvkrogv wr jhqhudwh sryhuw| wudsv1 Lq wklv prgho/ lqyhvwlqj d qrq0}hur
dprxqw ri hruw lqwr dffxpxodwlqj kxpdq fdslwdo fdq ohdg wr d edodqfhg jurzwk
sdwk zlwk xqolplwhg jurzwk ri doo shu fdslwd txdqwlwlhv1 Gxh wr wkh suhvhqfh ri
h{whuqdolwlhv/ krzhyhu/ lw lv qrw rswlpdo wr lqyhvw lq kxpdq fdslwdo dffxpxodwlrq
xqwlo wkh dyhudjh vwrfn ri lw lq wkh hfrqrp| uhdfkhv vrph wkuhvkrog ydoxh1 Dq|
hfrqrp| wkdw vwduwv ehorz wkuhvkrog uhpdlqv wkhuh iruhyhu1 Li/ gxh wr huuruv/
vrph kxpdq fdslwdo lv dffxpxodwhg/ lw grhv qrw ghsuhfldwh1 Wkh wlph ri furvvlqj
wkh wkuhvkrog lv/ wkhuhiruh/ d ixqfwlrq ri wkh pdjqlwxgh ri huuruv/ exw wkh furvvlqj
lv lqhylwdeoh li wkh pdjqlwxgh lv erxqghg deryh }hur
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1
Rwkhu sdshuv zlwk vlplodu g|qdplfv lqfoxgh Ohh +4<<9,/ zkhuh qdqfldo lq0
whuphgldulhv dffxpxodwh lqirupdwlrq derxw lqyhvwphqw rssruwxqlwlhv e| pdnlqj
ordqv1 Lq d orz lqirupdwlrq htxloleulxp/ qrerg| ohqgv1 Wkh sdshu sursrvhv
fuhglw vxevlglhv ru lq rz ri uhodwlyho| fkhds iruhljq fdslwdo wr ryhufrph wkh
wuds1 Lq Flffrqh dqg Pdwvx|dpd +4<<9,/ dq lqvx!flhqw qxpehu ri lqwhuphgldwh
lqsxwv klqghuv dgrswlrq ri prghuq whfkqrorjlhv1 Kljk vwduw0xs frvwv uhtxluhg
wr hvwdeolvk wkh surgxfwlrq ri qhfhvvdu| lqsxwv phdq wkdw uhdoorfdwlqj vfdufh
uhvrxufhv iurp wudglwlrqdo surgxfwlrq lv lqh!flhqw/ orfnlqj wkh hfrqrp| lq wkh
sryhuw| wuds1 Lw lv vrphwlphv srvvleoh iru d odujh qxpehu ri hqwuhsuhqhxuv h{0
shfwlqj ixwxuh jurzwk wr hqwhu wkh vshfldol}hg lqsxwv pdunhwv/ hvfdslqj iurp
wkh sryhuw| wuds gxh wr vhoi0ixooolqj surskhf|/ exw iru rwkhu sdudphwhu ydoxhv
wkh wuds lv lqhvfdsdeoh1 Lq dqrwkhu dssolfdwlrq ri wkh vdph lghd/ Exujxhw dqg
Ihuqdqgh}0Uxl} +4<<;, frqvwuxfw d ghyhorsphqw wuds lq dq hfrqrp| zlwk sxe0
olfo| surylghg jrrgv dqg sxeolf fdslwdo> d vx!flhqwo| orz zruog lqwhuhvw udwh
pljkw eh qhhghg iru hvfdsh1
4
Dulirylf/ Exoodug/ dqg Gx| +4<<:, xvh d uhylvhg yhuvlrq ri wkh prgho1 Lqvwhdg ri huuruv/
lw lv udqgrp pxwdwlrqv iruplqj sduw ri wkh jhqhwlf dojrulwkp ohduqlqj phfkdqlvp wkdw ohdg
wr wkh dffxpxodwlrq ri kxpdq fdslwdo1 Hyhqwxdoo|/ wkh wkuhvkrog lv sdvvhg1
5D jhqhudo fkdudfwhulvwlfv ri wkh sdshuv flwhg deryh lv wkh h{lvwhqfh ri d
fhuwdlq wkuhvkrog wkdw vhsdudwhv sryhuw|0wuds0orfnhg hfrqrplhv iurp ghyhorslqj
rqhv1 Iru dq hfrqrp| lq wkh wuds/ wkhuh lv qr zd| rxw rwkhu wkdq vrph fkdqjh
lq sdudphwhuv= frqvlvwhqw qrq0rswlpdo dffxpxodwlrq ri kxpdq fdslwdo/ fuhglw
vxevlg|/ ru vxsso| ri h{whuqdo ixqgv dw orz zruog lqwhuhvw udwhv1
Wkh rwkhu vwudqg ri prghov zlwk sryhuw| wudsv kdv vrph nlqg ri g|qdplf
frruglqdwlrq idloxuh ru shvvlplvwlf h{shfwdwlrqv exlow lq1 H{dpsohv ri vxfk prg0
hov lqfoxgh Pdwvx|dpd +4<<4,/ Jdol dqg ]lolerwwl +4<<8,/ Jdqv +4<<;,/ Edodqg
dqg Iudqfrlv +4<<9,/ dqg Vnled +4<:;,1 Lq wklv w|sh ri prghov/ qrq0frqyh{lw|
lq surgxfwlrq ixqfwlrq gxh wr lqfuhdvlqj uhwxuqv/ h{whuqdolwlhv/ dqg2ru pdunhw
srzhu ohdgv wr d srvvlelolw| ri pxowlsoh vwhdg| vwdwhv1 Lq wkhvh prghov/ lqgh0
whuplqdf| h{lvwv  iru jlyhq ydoxhv ri vwrfn yduldeohv olnh fdslwdo wkhuh duh
glhuhqw fkrlfhv ri frqwuro yduldeohv olnh frqvxpswlrq/ zrun hruw/ hwf1/ vxfk
wkdw d shuihfw iruhvljkw htxloleulxp wudmhfwru| frqyhujhv wr d vwhdg| vwdwh1 Gli0
ihuhqw fkrlfhv ri frqwuro yduldeohv pljkw lpso| frqyhujhqfh wr glhuhqw vwhdg|
vwdwhv/ dqg lqlwldo frqglwlrqv gr qrw qhfhvvdulo| ghwhuplqh wr zklfk vwhdg| vwdwh
wkh hfrqrp| frqyhujhv1 Rqh fdq vd| wkdw lq wkh deryh prghov wkh hfrqrp|
pljkw eh frqvljqhg wr d sryhuw| wuds e| wkh idloxuh ri hfrqrplf djhqwv wr djuhh
rq wkh frqwuro yduldeoh ydoxh ohdglqj wr wkh ehvw htxloleulxp1 Wkh glvwlqfwlrq
ehwzhhq wkh wzr jurxsv lv qrw vwulfw/ wkrxjk/ dv d pdmrulw| ri prghov lq wkh
vhfrqg jurxs doorz sdudphwhu ydoxhv ohdglqj wr d wkuhvkrog0w|sh sryhuw| wuds1
Wkh pdmru jrdo ri wkh fxuuhqw sdshu lv wr glvfxvv dq dgglwlrqdo phfkdqlvp
iru ryhufrplqj frruglqdwlrq idloxuhv ru shvvlplvwlf h{shfwdwlrqv lq wkh prghov
ri wkh vhfrqg w|sh1 Dv qrwhg deryh/ wkhvh prghov h{klelw lqghwhuplqdf|1 Wkhuh
duh wzr w|shv ri lqghwhuplqdf|1 Rqh vlwxdwlrq lv zkhq wkhuh duh wzr +ru pruh,
vdggoh sdwk vwdeoh vwhdg| vwdwhv/ dqg wkhuh duh fruuhvsrqglqj xqltxh wudmhfwrulhv
frqyhujlqj wr wkhp1 Wklv fdvh lv vrphwlphv uhihuuhg wr dv joredo lqghwhuplqdf|1
Lq wklv fdvh/ shvvlplvwlf ru rswlplvwlf h{shfwdwlrqv vlpso| vhohfw rqh wudmhfwru|
rxw ri wzr ru rwkhu vpdoo qxpehu1 Wklv kdsshqv iru vrph sdudphwhu ydoxhv
lq Jdol dqg ]lolerwwl +4<<8,/ iru h{dpsoh1 Rq wkh rwkhu kdqg/ lw pd| kdsshq
6wkdw iru rqh ru pruh vwhdg| vwdwhv wkh olqhdul}dwlrq ri wkh odz ri prwlrq kdv
ihzhu xqvwdeoh urrwv wkdq iuhh ru frqwuro yduldeohv1 Lq wklv fdvh/ wkh vwdeoh
pdqlirog ri wkh vwhdg| vwdwh kdv ihzhu glphqvlrqv wkdq wkh qxpehu ri frqwuro
yduldeohv/ dqg wkhuh h{lvwv d frqwlqxxp ri ydoxhv ri frqwuro yduldeohv wkdw sxw
wkh v|vwhp rqwr wkh vwdeoh pdqlirog1 Wkhuhiruh/ wkhuh h{lvwv d frqwlqxxp ri
shuihfw iruhvljkw wudmhfwrulhv vdwlvi|lqj doo wkh frqglwlrqv iru ehlqj dq htxloleulxp
wudmhfwru|/ lqfoxglqj wkh wudqvyhuvdolw| frqglwlrq1 Wklv fdvh lv uhihuuhg wr dv orfdo
lqghwhuplqdf|/ dqg lw lv wkh vxemhfw ri wkh fxuuhqw sdshu1
Zkdw kdsshqv li wkh v|vwhp h{klelwv orfdo lqghwhuplqdf|B Vxssrvh wkdw L
kdyh d ghfhqwudol}hg hfrqrp|1 Djhqwv duh iuhh wr fkrrvh lqlwldo ydoxhv ri wkh
frqwuro yduldeoh+v, iurp vrph odujh vhw1 Rqfh wkh lqlwldo frqglwlrqv duh djuhhg
xsrq dqg wkh g|qdplfv ri wkh v|vwhp xqirogv/ qrqh ri wkh djhqwv kdv dq lqfhqwlyh
wr ghyldwh iurp wkh rswlpdo wudmhfwru|/ zklfk ghshqgv rq wkh lqlwldo frqglwlrqv
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Krzhyhu/ wkh wudmhfwru| fkrvhq fdq eh d yhu| edg rqh= lw frxog lqfoxgh d yhu| orz
ohyho ri/ vd|/ zrun hruw/ dqg d orz jurzwk udwh dv d uhvxow1 Fkrrvlqj d glhuhqw
lqlwldo frqglwlrq zlwk kljkhu ohyho ri zrun hruw frxog lqfuhdvh wkh jurzwk udwh
dqg surylgh kljkhu xwlolw| wr hyhu| djhqw dqg wkxv eh Sduhwr lpsurylqj
6
1 D
glhuhqw vwduwlqj srlqw fdq hyhq lpso| frqyhujhqfh wr d pxfk ehwwhu vwhdg|
vwdwh zlwk xqerxqghg jurzwk ri doo shu fdslwd yduldeohv/ dv lq hqgrjhqrxv jurzwk
prghov1 D fodvvlf fdvh ri frruglqdwlrq idloxuh fdq h{lvw lq vlwxdwlrqv zlwk orfdo
lqghwhuplqdf| ri wkh vwhdg| vwdwh1
Lpdjlqh wkh vlwxdwlrq zkhuh d orz jurzwk vwdwh lv orfdoo| lqghwhuplqdwh1 Wkh
ghfhqwudol}hg hfrqrp| ghyhorsv dorqj rqh ri wkh wudmhfwrulhv ohdglqj wr wkh orz
5
Li djhqwv duh vpdoo frpsduhg wr wkh vl}h ri wkh hfrqrp|/ wkhlu ghyldwlrq zloo qrw vljql0
fdqwo| fkdqjh yduldeohv wkdw duh dujxphqwv ri wkhlu ghflvlrq uxohv 0 lqwhuhvw udwh dqg zdjh udwh/
iru h{dpsoh1 Wkxv/ lqglylgxdo ghyldwlrq iurp wkh rswlpdo wudmhfwru| zloo uhgxfh dq djhqw*v
sd|r1
6
Qrwh wkdw lq wkh suhvhqfh ri lqfuhdvlqj uhwxuqv dqg2ru h{whuqdolwlhv/ wkh lqlwldo wudmhfwru|
qrw qhfhvvdu| zdv Sduhwr rswlpdo1 Lq wkh surfhvv ri vroylqj vxfk prghov/ rqh xvxdoo| dvvxphv
wkdw hyhu| djhqw wdnhv wkh fxuuhqw ohyho ri h{whuqdolw| dv h{rjhqrxvo| jlyhq> hyhu| djhqw wkhq
idfhv d frqfdyh surgxfwlrq ixqfwlrq/ dqg wklv ghflvlrq sureohp lv hdvlo| vroyhg1 Dowhuqdwlyho|/
lqfuhdvlqj uhwxuqv wr vfdoh fdq eh vxssruwhg e| prqrsrolvwlf frpshwlwlrq1 Lq dq| fdvh/ hyhu|
djhqw pdnhv d ghflvlrq xqghu lqfrpsohwh lqirupdwlrq dqg2ru vrph pdunhw idloxuhv1 Wkhuhiruh/
wkh vroxwlrq lv qrw uhtxluhg wr eh Sduhwr rswlpdo wr ehjlq zlwk1
7jurzwk vwdwh/ wkdw lv/ wkh hfrqrp| lv lq wkh ghyhorsphqw wuds1 Dvvxph wkdw
wkhuh h{lvwv d kljk jurzwk vwhdg| vwdwh zklfk fdq dovr eh orfdoo| lqghwhuplqdwh
ru vdggoh sdwk vwdeoh1 Lq dq| fdvh/ djhqwv qhhg vrph ghylfh wr khos wkhp
frruglqdwh rq d wudmhfwru| frqyhujlqj wr wkh kljk jurzwk vwhdg| vwdwh1
415 Vxqvsrwv dv d Frruglqdwlqj Phfkdqlvp
Vxqvsrw htxloleuld duh udwlrqdo h{shfwdwlrqv htxloleuld lq zklfk sxuho| h{0
wulqvlf xqfhuwdlqw| dhfwv htxloleulxp sulfhv dqg doorfdwlrqv/ Zrrgirug +4<<3,1
Sxuho| h{wulqvlf xqfhuwdlqw| ghqrwhv vrph udqgrp yduldeoh zklfk kdv qr hhfw
rq suhihuhqfhv/ hqgrzphqwv/ ru surgxfwlrq srvvlelolwlhv1 Li wklv udqgrp yduldeoh
dqg wkh uhvxowlqj doorfdwlrqv dqg sulfhv duh vwdwlrqdu|/ rqh vshdnv derxw vwdwlrq0
du| vxqvsrw htxloleuld/ ru VVH1 Lq glvfuhwh wlph/ rqh ri wkh zd|v lq zklfk VVH
duh frqvwuxfwhg lv wkh udqgrpl}dwlrq ehwzhhq glhuhqw qrq0vxqvsrw htxloleuld>
dowhuqdwlyho|/ VVH fdq eh d udqgrpl}dwlrq ryhu glhuhqw wudmhfwrulhv frqyhujlqj
wr d qrq0vxqvsrw vwhdg| vwdwh1 Wklv surfhgxuh fdq eh shuiruphg zkhq d qrq0
vxqvsrw vwhdg| vwdwh lv lqghwhuplqdwh1 Lqghhg/ lq d vlpsoh ROJ hfrqrp| zlwk
d frqvwdqw vxsso| ri prqh|/ dv lq D}duldglv +4<;4,/ d qhfhvvdu| frqglwlrq iru
wkh h{lvwhqfh ri d sduwlfxodu nlqg ri VVH lv h{dfwo| wkh frqglwlrq iru wkh lqgh0
whuplqdf| ri wkh qrq0vxqvsrw udwlrqdo h{shfwdwlrqv htxloleulxp> vhh Zrrgirug
+4<<3,1 Wklv frqqhfwlrq ehwzhhq lqghwhuplqdf| ri d udwlrqdo h{shfwdwlrqv htxl0
oleulxp dqg wkh h{lvwhqfh ri vrph VVH +nqrzq dv Zrrgirug*v Frqmhfwxuh, zdv
hvwdeolvkhg iru d eurdg fodvv ri glvfuhwh wlph prghov/ iru h{dpsoh lq Zrrgirug
+4<;9,/ Judqgprqw +4<;9,/ dqg Vshdu/ Vulydvwdyd/ dqg Zrrgirug +4<<3,1
H{lvwhqfh ri vxqvsrwv lv e| qr phdqv olplwhg wr ROJ ru ROJ0olnh glvfuhwh
wlph prghov1 Vshdu +4<<4, vkrzhg wkh h{lvwhqfh ri vxqvsrw htxloleuld lq d sxuh
fdslwdo dffxpxodwlrq prgho zkhuh surgxfwlrq lv vxemhfw wr h{whuqdolw|1 Vzlwfk0
lqj wr frqwlqxrxv wlph prghov doorzv frpsohwh xqghuvwdqglqj ri wkh prgho*v
joredo g|qdplfv/ hvshfldoo| zkhq wkh prgho uhgxfhv wr d wzr0glphqvlrqdo v|v0
whp ri glhuhqwldo htxdwlrqv1 Lq Guxjhrq dqg Zljqlrooh +4<<9, d frqwlqxrxv0
wlph hqgrjhqrxv jurzwk prgho zdv vwxglhg1 Lw zdv vkrzq wkdw zkhq d edodqfhg
8jurzwk sdwk lv orfdoo| vwdeoh +lqghwhuplqdwh,/ d vxqvsrw htxloleulxp zlwk d Srlv0
vrq surfhvv dv d vxqvsrw yduldeoh h{lvwv1 Ilqdoo|/ Vkljrnd +4<<7, frqvwuxfwhg d
frqwlqxrxv wlph VVH lq d ydulhw| ri jurzwk prghov +lqfoxglqj wkh rqh xvhg khuh,/
zkhuh d vxqvsrw yduldeoh lv d frqwlqxrxv0wlph Pdunry surfhvv zlwk qlwho| pdq|
vwdwhv1 Zrrgirug*v Frqmhfwxuh krogv lq doo wkuhh fdvhv1
Vwdelolw| xqghu wkh htxloleulxp ohduqlqj g|qdplfv zdv sursrvhg lq Oxfdv
+4<;9, dv d fulwhulrq lq ghflglqj zklfk ri wkh pdq| htxloleuld lq wkh ROJ vkrxog
eh frqvlghuhg dv pruh olnho| wr rffxu1 Oxfdv*v frqmhfwxuh zdv wkdw rqo| d olp0
lwhg qxpehu ri htxloleuld/ dqg lq sduwlfxodu orfdoo| ghwhuplqdwh vwhdg| vwdwhv/
zloo vxuylyh vxfk d whvw1 Li wklv frqmhfwxuh zhuh dozd|v wuxh/ vxqvsrw htxloleuld
frxog eh frqvlghuhg hvrwhulf wkhruhwlfdo frqvwuxfwv kdylqj qr sudfwlfdo lpsru0
wdqfh1 Xvlqj d vlpsoh dgdswlyh ohduqlqj uxoh/ Gx| +4<<7, kdv vkrzq wkdw dq
lqghwhuplqdwh prqhwdu| vwhdg| vwdwh fdq eh vhohfwhg ryhu d ghwhuplqdwh rqh lq
dq ROJ hfrqrp| zlwk dw prqh|/ wkxv uhmhfwlqj Oxfdv*v frqmhfwxuh1 Ixuwkhu0
pruh/ dv zdv vkrzq lq Zrrgirug +4<<3,/ Hydqv dqg Krqndsrkmd +4<<<,/ dqg
Hydqv dqg Krqndsrkmd +5334,/ dgdswlyh ohduqlqj fdq frqyhujh wr ghwhuplqdwh/
lqghwhuplqdwh/ dqg VVH htxloeuld1 Lqghwhuplqdwh dqg VVH htxloleuld duh pruh
wkdq d wkhruhwlfdo fxulrvlw|> rqh fdq revhuyh wkhp
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1
Lq wklv sdshu/ L srvwxodwh wkh h{lvwhqfh ri VVH lq d frqwlqxrxv0wlph prgho
lq zklfk wkh vxqvsrw yduldeoh lv d vdpsoh0sdwk frqwlqxrxv vwrfkdvwlf surfhvv
8
1
Surgxfwlrq whfkqrorj| lq wkh prgho lv vxemhfw wr h{whuqdolw|1 Lw lv dovr srv0
wxodwhg wkdw wkh ohduqlqj phfkdqlvp/ olnh wkdw ghvfulehg lq Zrrgirug +4<<3,/
kdv wdnhq sodfh dqg kdv frqyhujhg wr d vxqvsrw htxloleulxp1 Djhqwv vlpso|
dgg wkh vxqvsrw yduldeoh wr wkhlu rswlpdo ghflvlrq/ dqg wklv lv wkh VVH
9
1 Dv d
uhvxow/ lqvwhdg ri vlpso| prylqj dorqj d sduwlfxodu wudmhfwru|/ dqg/ dffruglqj
7
H{wudfwlqj lqirupdwlrq rq eholhi vkrfnv iurp qdqfldo pdunhwv gdwd/ Vdo|hu dqg Vkhulq
+4<<;, vkrz wkdw d prgho zlwk vhoi0ixooolqj eholhiv kdv lqfuhphqwdo suhglfwlyh srzhu iru nh|
XV hfrqrplf wlph vhulhv1
8
Wdnlqj lqwr dffrxqw Vkljrnd +4<<7,/ wklv dvvxpswlrq grhv qrw vhhp wr eh wrr ryhu0
vwuhwfkhg1
9
D pruh ghwdlohg ghvfulswlrq ri wkh frqvwuxfwlrq ri d vxqvsrw htxloleulxp lv jlyhq lq Vhfwlrq
61
9wr wkh dvvxpswlrqv derxw wkh djhqwv ehlqj xqlqiruphg derxw wkh qdwxuh ri wkh
h{whuqdolw|/ fkrrvlqj dfwlrqv edvhg rq lqfrpsohwh lqirupdwlrq derxw wkh vwdwh
vsdfh rxwvlgh ri wkdw wudmhfwru|/ djhqwv frruglqdwh rq wkh vxqvsrw dqg jhw wr
h{soruh qhz uhjlrqv ri wkh vwdwh vsdfh1
Vxssrvh wkh hfrqrp| vwduwv lq wkh shuihfw iruhvljkw ghyhorsphqw wuds1 Lq wkh
prgho xvhg khuh/ lw phdqv wkdw frqvxpswlrq +dqg wkh zrun hruw, duh fkrvhq
wr eh wrr orz ehfdxvh ri wkh shvvlplvwlf h{shfwdwlrqv ri wkh ixwxuh zdjhv dqg
lqwhuhvw udwhv1 Lw lv srvvleoh wr vhohfw d ohyho ri lqlwldo frqvxpswlrq zklfk zloo
sxvk wkh v|vwhp rxw ri wkh wuds dqg lqwr wkh uhjlrq ri dwwudfwlrq ri wkh srvl0
wlyh vwhdg| vwdwh1 Krzhyhu/ qr lqglylgxdo djhqw kdv dq lqfhqwlyh wr h{shulphqw/
dqg hyhu|rqh lv frruglqdwlqj rq d wudmhfwru| ohdglqj wr wkh ruljlq1 Wklv frru0
glqdwlrq idloxuh frxog eh {hg li djhqwv frxog irup h{shfwdwlrqv fruuhvsrqglqj
wr d wudmhfwru| frqyhujlqj wr wkh srvlwlyh vwhdg| vwdwh1 Djhqwv duh xqdzduh ri
wkh h{lvwhqfh ri vxfk d wudmhfwru| ehfdxvh wkh h{whuqdolw| lv xqnqrzq dqg wkh|
fdqqrw fdofxodwh wkh zkroh skdvh sruwudlw ri wkh v|vwhp1 Li d vxqvsrw yduldeoh/
prghohg dv d Zlhqhu surfhvv/ lv lqfoxghg lq wkh prgho/ djhqwv frxog wdnh lw
lqwr dffrxqw zkhq pdnlqj wkhlu ghflvlrqv1 Frruglqdwlqj rq d vxqvsrw zklwh
qrlvh doorzv h{sorulqj qhz uhjlrqv ri wkh vwdwh vsdfh dqg fdq hyhqwxdoo| pryh
wkh wudmhfwru| ri wkh v|vwhp rxw ri wkh wuds1 Dv vrrq dv wkh hfrqrp| ohdyhv wkh
wuds/ djhqwv ehfrph dzduh ri wkh h{lvwhqfh ri d qhz qrq0vwrfkdvwlf vwhdg| vwdwh1
Lw lv dvvxphg wkdw lq wklv fdvh d uhjlph fkdqjh wdnhv sodfh dqg wkh djhqwv vwrs
wdnlqj wkh vxqvsrw yduldeoh lqwr dffrxqw1 Wkhuhiruh wkh ixuwkhu g|qdplfv ri wkh
v|vwhp uhgxfhv wr frqyhujhqfh wr wkh srvlwlyh vwhdg| vwdwh
:
1 Wklv zloo kdsshq
li d }hur vwhdg| vwdwh lv vwrfkdvwlfdoo| xqvwdeoh xqghu vxqvsrw  xfwxdwlrqv ru dq
:
Zk| glgq*w wkh djhqwv fkrrvh wklv wudmhfwru| hduolhuB Wkh| frxog rqo| kdyh ohduqhg wr
suhglfw wkh shuihfw iruhvljkw wudmhfwru| vwduwlqj iurp wrgd|*v lqlwldo frqglwlrqv/ exw qrw iurp
rwkhu srlqwv/ ehfdxvh ri wkh h{whuqdolw|1 Dowhuqdwlyho|/ wkh| frxog kdyh ohduqhg rqo| wkh
rswlpdo ghflvlrq uxoh +wkh Hxohu htxdwlrq,/ dv lq Iodp dqg Plupdq +4<<;,/ exw vxssrvh wkhuh
lv dq rxwvlgh erg|/ d jryhuqphqw/ fdsdeoh ri fdofxodwlqj shuihfw iruhvljkw wudmhfwrulhv dqg
dqqrxqflqj wkhp1 Wkh jryhuqphqw*v dqqrxqfhphqw ri d shuihfw iruhvljkw sdwk vwduwlqj iurp
wrgd|*v lqlwldo frqglwlrqv dqg ohdglqj wr wkh vxshulru vwhdg| vwdwh jhqhudwhv wkh uhjlph fkdqjh1
Li wkh jryhuqphqw nqrzv wkh zkroh skdvh sruwudlw/ lwv dqqrxqfhphqwv frxog vwloo eh xvhohvv
zkloh lqvlgh wkh wuds/ ehfdxvh fkrrvlqj d jrrg sdwk lqyroyhv d glvfrqwlqxrxv mxps dqg lv
suhyhqwhg e| frruglqdwlrq sureohpv1 Rqo| wkh dfwxdo hvfdsh pdnhv wkh dqqrxqfhg shuihfw
iruhvljkw sdwk ihdvleoh1
:lqlwldo frqglwlrq olhv rxwvlgh wkh uhjlrq ri vwrfkdvwlf vwdelolw| wkdw pljkw qrw fr0
lqflgh zlwk wkh ghyhorsphqw wuds ri wkh ghwhuplqlvwlf v|vwhp1 Lq wkh fdvh zkhq
wkh hfrqrp| hyhqwxdoo| ohdyhv wkh wuds/ lw lv srvvleoh wr fdofxodwh h{shfwhg uvw
h{lw wlphv iurp wkh uhjlrq ri dwwudfwlrq ri d }hur vwhdg| vwdwh ghshqglqj rq wkh
lqlwldo frqglwlrqv dqg pdjqlwxgh ri wkh vxqvsrw surfhvv1
Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Lq Vhfwlrq 5/ d eulhi vxppdu|
ri wkh prgho ghvfulehg lq Ehqkdele dqg Iduphu +4<<7, lv jlyhq/ frqvwuxfwlrq
ri wkh skdvh sruwudlw ri wkh prgho lv shuiruphg dqg h{lvwhqfh ri wkh sryhuw|
wuds lv suryhq1 Surshuwlhv ri wkh prgho vxemhfw wr vxqvsrw  xfwxdwlrqv/ lq
sduwlfxodu vwrfkdvwlf vwdelolw| ri wkh ghyhorsphqw wuds/ duh vwxglhg lq Vhfwlrq
61 Vhfwlrq 7 surylghv qxphulfdo hvwlpdwhv ri hvfdsh suredelolwlhv dqg wlphv>
dqdo|wlfdo dssur{lpdwlrqv dqg frpsdulvrqv wr wkh qxphulfdo uhvxowv duh jlyhq
lq Vhfwlrq 8> dqg Vhfwlrq 9 frqfoxghv1
5 Wkh Prgho
Dv d edvlv iru dqdo|vlv/ L xvh d voljkwo| prglhg prgho iurp Ehqkdele dqg
Iduphu +4<<7,1 Wklv ghwhuplqlvwlf frqwlqxrxv0wlph prgho zlwk lqqlwho| olyhg
djhqwv lv fkdudfwhul}hg e| lqfuhdvlqj vrfldo uhwxuqv wr vfdoh gxh wr h{whuqdolw|
lq wkh surgxfwlrq ixqfwlrq ri zklfk wkh djhqwv duh dvvxphg wr eh xqdzduh1
Wkhuh duh wzr vwhdg| vwdwhv1 Rqh kdv }hur fdslwdo dqg }hur frqvxpswlrq +wkh
ruljlq,/ zkloh wkh rwkhu kdv srvlwlyh ohyhov ri erwk fdslwdo dqg frqvxpswlrq1 Iru
vrph sdudphwhu ydoxhv/ erwk vwhdg| vwdwhv duh lqghwhuplqdwh/ dqg wkh zkroh
vwdwh vsdfh lv vhsdudwhg lqwr wzr uhjlrqv ri dwwudfwlrq ri wkh vwhdg| vwdwhv1 Wkh
uhjlrq ri dwwudfwlrq ri wkh ruljlq lv d ghyhorsphqw wuds
;
1
Wkh hfrqrp| frqvlvwv ri d odujh qxpehu ri lghqwlfdo frqvxphuv vhhnlqj wr
;
Iru h{srvlwlrqdo fodulw|/ L kdyh fkrvhq wkh prgho uhgxfhg wr wkh prvw vlpsoh pdwkhpdwlfdo
irup srvvleoh1 Wkhuh duh rwkhu prghov zlwk lqghwhuplqdwh lqwhulru sryhuw| wudsv/ olnh Jdol
+4<<7,/ Jdol +4<<8,/ dqg Shuol +4<<;,1 Wkrvh prghov surylgh d pruh uhdolvwlf ghvfulswlrq ri
hfrqrplf skhqrphqd ohdglqj wr wkh sryhuw| wuds1 Ixuwkhu zrun zloo irfxv rq pruh uhdolvwlf
prghov1
Lq hqgrjhqrxv jurzwk prghov/ d ghyhorsphqw wuds lv d edodqfhg jurzwk sdwk zlwk orzhu
jurzwk udwh1 Lq d prgho zlwkrxw h{rjhqrxv ru hqgrjhqrxv whfkqrorjlfdo fkdqjh/ vxfk dv wkh


















N @ +u  ,N . zQ  F>
zkhuh F lv frqvxpswlrq/ N fdslwdo/ Q zrun hruw/ u lqwhuhvw udwh/ dqg z wkh











zkhuh d . e @ 4/  A d/  A e> dqg N dqg Q duh hfrqrp|zlgh dyhudjhv ri N
dqg Q shu up/ zklfk duh wdnhq dv jlyhq e| hyhu| lqglylgxdo up1 Iurp wkh
surw pd{lpl}dwlrq/ wkh lqwhuhvw udwh dqg wkh zdjh udwh duh jlyhq e|
zQ @ e\> +5d,
uN @ d\= +5e,
Lghqwlfdo frqvxphuv wdnh wudmhfwrulhv ri zdjh dqg lqwhuhvw udwhv dv jlyhq
dqg vroyh wkhlu pd{lpl}dwlrq sureohp1 Lq d v|pphwulf htxloleulxp/ doo upv
hpsor| wkh vdph dprxqw ri oderu dqg fdslwdo/ dqg wkxv N @ N> Q @ Q = Lq wkh
shuihfw iruhvljkw htxloleulxp/ frqvxphuv nqrz wkh fruuhfw wudmhfwrulhv ri u dqg
z1 Vroylqj wkh sureohp dqg vzlwfklqj wr orjv/ rqh jhwv wkh iroorzlqj v|vwhp ri











n @ ^h{s+z  yn . xf,  h{s+f  n,  `= +6e,
zkhuh z/ y/ dqg x duh jlyhq e|
z @ 
 orj+e,
 . "  4
>
y @
  +4  ,+4  ",




 . "  4
=
<Wkh v|vwhp +6, lv h{wuhpho| kdug wr dqdo|}h1 Lw lv wkhuhiruh xvhixo wr fkdqjh
wkh frruglqdwhv wr
{ @ h{s+z  yn . xf,> +8d,
| @ h{s+f  n,= +8e,

















E| frqvwuxfwlrq/ { dqg | duh qrqqhjdwlyh> wkhuhiruh rqo| wkh uvw txdgudqw ri
wkh +{> |, vsdfh vkrxog eh frqvlghuhg1
514 Vwhdg| Vwdwhv dqg Wkhlu Vwdelolw|


















































x  y, . |
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, ? 31 Uhfdoolqj ghqlwlrqv ri x dqg y dqg vlpsoli|lqj/ rqh jhwv=
x  y @
+  4, . +4  ,+4  ",
 . "  4
= +:,
Iroorzlqj wkh ruljlqdo sdshu/ zkhuh  ? 4> " ? 3/ dqg dvvxplqj  lv qrw wrr
idu dzd| iurp 4 + @ 4 phdqv xwlolw| orjdulwkplf lq frqvxpswlrq,/ wkh qhfhvvdu|
frqglwlrq iru lqghwhuplqdf| lv vwloo  . "  4 A 3 dv lq Ehqkdele dqg Iduphu






x  y . 4,   @
 . 
d
d  +4  ",
 . "  4
  @ +;,
 . 
d
d+ . "  4,  +  d,+4  ",
 . "  4
  @  
 . 
d
+  d,+4  ",
 . "  4
=
43Li wkhuh lv qr fdslwdo h{whuqdolw| +  @ d,/ wudfh htxdov  dqg lv srvlwlyh1 Wkh






doo wkh frqglwlrqv wrjhwkhu/ L vhh wkdw li




 . "  4
4  "
, ?  ? 4> +<,
+  4, . +4  ,+4  ", A 3>
wkhq wkh srvlwlyh vwhdg| vwdwh D lv lqghwhuplqdwh1 Iurp qrz rq/ rqo| sdudphwhu
ydoxhv vdwlvi|lqj frqglwlrqv +<, zloo eh frqvlghuhg1
Wkhuh duh rwkhu vwhdg| vwdwhv ri +9,/ jlyhq e|
E @ +3> 3,> F @ +3>
 . 










Iru  qrw wrr odujh/
.

  lv srvlwlyh1 Lq wkh h{suhvvlrq iru devflvvd ri G/ wkh
ghqrplqdwru lv jlyhq e|
d

x  y @
d   . +4  ,+4  ",
 . "  4
@
d  +4  ",
 . "  4
 4 @   4 
  d
 . "  4
>
+43,
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,  +  +4  ,+4  ",,
 . "  4
@
 . +4  ,+4  ",
 . "  4
> +44,
zklfk lv dozd|v srvlwlyh jlyhq +<,1 Wkhuhiruh/ wkh wklug htxloleulxp olhv lq wkh
vhfrqg txdgudqw dqg grhv qrw lqwhuhvw ph
<
1












Wkh uvw qrq0}hur hohphqw zdv hvwlpdwhg lq +44, dqg lv dozd|v qhjdwlyh/ zkloh
wkh vhfrqg lv qhjdwlyh iru  qrw wrr odujh +dqg qhjdwlyh iru  @ 4,1 Wkhuhiruh/



















Vwhdg| vwdwhv E dqg F erwk uhsuhvhqw wudmhfwrulhv glyhujlqj wr +0"c 3" lq wkh +f/n , vsdfh
zlwk glhuhqw dv|pswrwlf ehkdylru1 Wkh fkdqjh ri yduldeohv froodsvhv lqqlw| srlqwv iurp wkh
orzhu kdoi ri wkh +f/n , vsdfh rqwr wkh yhuwlfdo kdoi0d{lv lq wkh +{/| , vsdfh1 Wudmhfwrulhv zlwk
glhuhqw dv|pswrwlf ehkdylru dw plqxv lqqlw| duh pdsshg rqwr glhuhqw srlqwv rq wkh d{lv1
44Khuh/ wkh +5/5, hohphqw ri M lv srvlwlyh/ dqg wdnlqj lqwr dffrxqw +:, L frqfoxgh
wkdw wkh +4/4, hohphqw ri M lv qhjdwlyh1 Wkhuhiruh/ F lv d vdggoh1
515 Gxodf Fulwhulrq dqg Olplw F|fohv
Wr fkdudfwhul}h wkh joredo g|qdplfv ri wkh v|vwhp lw lv qhfhvvdu| wr nqrz
zkhwkhu olplw f|fohv h{lvw1 Wkh Gxodf fulwhulrq vwdwhv wkdw li iru wkh dqdo|wl0
fdo wzr0glphqvlrqdo v|vwhp

{ @ S +{> |,>

| @ T+{> |,>
lq d vlpso| frqqhfwhg uhjlrq J wkhuh h{lvwv d frqwlqxrxvo| glhuhqwldeoh ixqfwlrq






grhv qrw fkdqjh vljq lq J/ wkhq wkhuh duh
qr vlpsoh forvhg fxuyhv lq J zklfk duh xqlrqv ri sdwkv ri wkh v|vwhp
43
1 Lq
sduwlfxodu/ wkhuh duh qr olplw f|fohv/ vhh Dqgurqry/ Ohrqwrylfk/ Jrugrq/ dqg
Pdlhu +4<:6,1 Iru d v|vwhp ri wkh w|sh +9,/

{ @ {+d4{ . e4| . f4,> +46d,

| @ |+d5{ . e5| . f5,> +46e,



































wkh lqwhjudo fxuyhv { @ 3 dqg | @ 3= Lw grhv qrw fkdqjh vljq lq wkh lqwhulru ri dq|
ri wkh irxu txdgudqwv1 Dovr/ lw fdq eh vkrzq wkdw wkhuh fdq eh qr forvhg frqwrxuv
zklfk duh xqlrqv ri sdwkv lq wklv fdvh1 Diwhu vrph dojheudlf wudqvirupdwlrqv/ lw











, ghqrwhv wkh qrq0wulyldo vwhdg| vwdwh1 Zkhq wudfh+M

, @ 3> doo
wudmhfwrulhv ri wkh v|vwhp duh forvhg ruelwv1
4 3
Qrwh wkdw Ehqgl{vrq*v fulwhulrq lv d vshfldo fdvh ri Gxodf*v zlwk E%c + ' 1
45Lw lv srvvleoh wr kdyh Ghw +M

, A 3 dqg wudfh+M

, @ 3 zlwk wzr frpsoh{
frqmxjdwh hljhqydoxhv kdylqj }hur uhdo sduw1 Krzhyhu/ wkh v|vwhp grhv qrw




Wkh skdvh sruwudlw ri +9, lv suhvhqwhg lq Iljxuh 41 Wkh zkroh uvw txdgudqw
lv glylghg lqwr 5 uhjlrqv ri dwwudfwlrq
44
1 Wkh rqo| wudmhfwrulhv wkdw glyhujh wr
lqqlw| duh wkrvh wkdw vwduw rq wkh yhuwlfdo d{lv deryh F1 Wkh vwdeoh pdqlirog
ri F vhuyhv dv d vhsdudwul{ ehwzhhq wkh uhjlrqv ri dwwudfwlrq1 Lq orjjhg frq0
vxpswlrq dqg fdslwdo/ wkh skdvh sruwudlw lv jlyhq e| Iljxuh 51 Doo wudmhfwrulhv
wkdw vwduw deryh wkh wudqviruphg vwdeoh pdqlirog ri F frqyhujh wr wkh srvlwlyh
vwhdg| vwdwh fruuhvsrqglqj wr D1 Wudmhfwrulhv zlwk wkh lqlwldo frqglwlrqv ehorz
lw glyhujh wr plqxv lqqlw|1 Lq wkh ruljlqdo +F > N , yduldeohv +Iljxuh 6,/ wkh
skdvh sruwudlw orrnv yhu| vlplodu wr wkdw ri +9,/ wkh rqo| glhuhqfh ehlqj wkdw
qrz wkh vhsdudwul{ ri wkh wzr uhjlrqv ri dwwudfwlrq vwduwv dw wkh ruljlq udwkhu
wkdq rq wkh yhuwlfdo d{lv1 Wkh vwdeoh pdqlirog dssurdfkhv wkh ruljlq dv d ud| ri
frqvwdqw srvlwlyh wdqjhqw1 Dq| rwkhu wudmhfwru| ri wkh v|vwhp zklfk dssurdfkhv
wkh ruljlq ehkdyhv dv|pswrwlfdoo| dv F  N h{s+w,= Wkh glvwdqfh ehwzhhq
wkh vwdeoh pdqlirog dqg dq| vxfk wudmhfwru| h{suhvvhg dv d shufhqwdjh ri dfwxdo
frqvxpswlrq ohyho jurzv h{srqhqwldoo| zlwk wlph1
Wr rewdlq d srlqw rq wkh yhuwlfdo d{lv i+{> |, = { @ 3> | A 3j ri Iljxuh 4/ wkh
iroorzlqj vkrxog eh wuxh= xfyn @ x+fn,.+xy,n $ 4/ fn @ frqvw1 Wklv
phdqv wkdw n $ 4> f $ 4/ exw f  n lv qlwh1 Wklv fruuhvsrqgv wr jrlqj wr
wkh ruljlq lq wkh qrq0orjjhg +F> N, vsdfh dorqj d ud| zlwk qlwh wdqjhqw1 Lq wkh
+f> n , vsdfh dq| wudmhfwru| dv|pswrwlfdoo| olqhduo| glyhujlqj wr plqxv lqqlw|
vdwlvhv wkh frqglwlrq1 D srlqw rq wkh krul}rqwdo d{lv i+{> |, = { A 3> | @ 3j lv
rewdlqhg zkhq xf  yn @ x+f  n, . +x  y,n @ frqvw/ f  n $ 41 Wklv lv
srvvleoh rqo| zkhq n $ 4/ dqg f lv duelwudu|/ exw f jrhv wr lqqlw| vorzhu wkdq
4 4
Wkhuh zhuh suhylrxv dwwhpswv wr rewdlq wkh uhjlrq ri vwdelolw| ri wkh srvlwlyh vwhdg|
vwdwh lq wklv prgho> vhh/ iru h{dpsoh/ Uxvvhoo dqg ]hfhylf +4<<;, iru wkh O|dsxqry ixqfwlrq
dssurdfk1 Wkh dssurdfk xvhg khuh lv pxfk eurdghu1 L dp deoh wr vwxg| wkh joredo g|qdplfv
ri wkh prgho lqvwhdg ri wkh frpsdfw qhljkerukrrg ri wkh vwhdg| vwdwh/ dv lq wkh uhihuhqfh1
46Iljxuh 4= Skdvh sruwudlw ri wkh wudqviruphg v|vwhp lq +{/|, yduldeohv



























n ru frqyhujhv wr d qrq}hur frqvwdqw1
Zkdw grhv wkh ruljlq lq wkh +{> |, vsdfh fruuhvsrqg wrB Zulwlqj wkh fkdqjh










> lw lv hdv| wr vhh wkdw wkh ruljlq
fruuhvsrqgv wr F ? 4>
F
N
@ 3= Dq| wudmhfwru| lq wkh +F> N, vsdfh vxfk wkdw
F @ r+N,> F $ 3 fruuhvsrqgv wr d wudmhfwru| frqyhujlqj wr wkh ruljlq lq wkh




Iurp wkh suhylrxv vhfwlrq/ L nqrz wkdw wkh v|vwhp +9, kdv wzr vwdeoh vwhdg|
vwdwhv/ wkhuh duh qr olplw f|fohv/ dqg qr wudmhfwru| vwduwlqj lq wkh lqwhulru ri wkh
uvw txdgudqw hvfdshv wr lqqlw| lq wkh +{ > |, vsdfh1 D wudmhfwru| ri +9, wkdw
47Iljxuh 5= Skdvh sruwudlw lq orj fdslwdo dqg orj frqvxpswlrq


















vwduwv rq wkh yhuwlfdo d{lv deryh F hvfdshv wr lqqlw|> krzhyhu/ lq wkh +F/N ,
vsdfh wklv fruuhvsrqgv wr d wudmhfwru| jrlqj wr wkh ruljlq zlwk hyhu lqfuhdvlqj
vorsh1 Qrz L lqwurgxfh d vwrfkdvwlf surfhvv lqwr wkh v|vwhp 0 wkh vxqvsrw surfhvv1
D nh| ehkdylrudo dvvxpswlrq lv wkdw djhqwv revhuyh d vxqvsrw yduldeoh/ d Zlhqhu
surfhvv1 Wkh| vlpso| dgg d ghulydwlyh ri wkh surfhvv wr wkhlu ghflvlrq uxoh1 Wr
mxvwli| vxfk dq dssurdfk/ rqh kdv wr uhphpehu wkdw dq Lw÷ vwrfkdvwlf glhuhqwldo
htxdwlrq fdq eh rewdlqhg dv d olplw lq suredelolw| ri glhuhqfh htxdwlrqv li wkh




Frqvwuxfwlrq ri wkh VGH lv yhu| vlplodu wr wkdw uhsruwhg lq Vkljrnd +4<<7,1 Lqwurgxflqj d
vxqvsrw glvwxuedqfh lq wklv zd| kdv d vlpsoh mxvwlfdwlrq1 Dgglqj h j_`| wr wkh htxdwlrq iru
,J}E lv dssur{lpdwho| htxlydohqw wr dgglqj h j_`| wr wkh htxdwlrq iru 1  lv wkh vkduh
ri wkh qhw suhvhqw zhdowk +ixwxuh zdjhv dqg lqwhuhvw lqfrph, djhqwv fkrrvh wr frqvxph dw
wlph |1 Li djhqwv frqvlghu lqfuhphqwv ri wkh vxqvsrw yduldeoh dv  xfwxdwlrqv lq wkhlu suhvhqw
glvfrxqwhg zhdowk/ h j_`| lv vlpso| dq dgmxvwphqw ri wklv vkduh gxh wr wkh idfw wkdw wkh
shufhlyhg zhdowk kdv fkdqjhg1
48Iljxuh 6= G|qdplfv ri wkh v|vwhp lq ruljlqdo/ qrqorjjhg yduldeohv












wkh VVH ri wklv irup zdv vkrzq lq wkh fxuuhqw prgho e| Vkljrnd +4<<7, iru d
frqwlqxrxv wlph Pdunry surfhvv zlwk qlwho| pdq| vwdwhv1 D Zlhqhu surfhvv lv
d frqwlqxrxv wlph Pdunry surfhvv zlwk lqqlwho| pdq| vwdwhv1 Iru d irupdo dqg
uljrurxv lqwurgxfwlrq wr wkh frqfhsw ri vwrfkdvwlf glhuhqwldo htxdwlrq +VGH,/
vhh/ iru h{dpsoh/ Ndudw}dv dqg Vkuhyh +4<<4,1 Ghvfulswlrq ri wkh olplwlqj du0
jxphqw wkdw doorzv jrlqj iurp wkh glhuhqfh htxdwlrq zlwk Pdunry yduldeoh wr
VGH fdq eh irxqg lq Nkdvplqvnll +4<;3,1
L vwduw zlwk d ghwhuplqlvwlf glhuhqwldo htxdwlrq +6, dqg irupdoo| dgg d
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49Grlqj wkh vdph fkdqjh ri yduldeohv dv lq wkh suhylrxv vhfwlrq dqg dsso|lqj
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615 Joredo Vwrfkdvwlf G|qdplfv
Lw lv qhfhvvdu| wr vshfli| wkh ehkdylru ri wkh vwrfkdvwlf surfhvv ghqhg e| +49,1
Dv zdv phqwlrqhg deryh/ lq wkh suhvhqw sdshu L dvvxph wkdw wkh hfrqrp| lv
hyroylqj dffruglqj wr +49, iru dv orqj dv lw lv orfdwhg lq wkh ghwhuplqlvwlf ghyho0
rsphqw wuds/ wkh duhd ehorz wkh vwdeoh pdqlirog lq Iljxuh 41 Li wkh wudmhfwru|
klwv wkh wuds erxqgdu|/ lw lv dvvxphg wkdw wkh vxqvsrw surfhvv glhv rxw1 Hfr0
qrplf mxvwlfdwlrq ri wklv dvvxpswlrq lv udwkhu vlpsoh1 Djhqwv lq dq hfrqrp|
wkdw kdv vshqw doo lwv klvwru| lqvlgh wkh ghyhorsphqw wuds zhuh xqdeoh wr vhh d
shuihfw iruhvljkw ghwhuplqlvwlf wudmhfwru| frqyhujlqj wr dq|wklqj exw wkh ruljlq/
srlqw E1 Diwhu klwwlqj wkh erxqgdu|/ krzhyhu/ wkh| lpphgldwho| revhuyh dqrwkhu
vwhdg| vwdwh D zlwk pxfk ehwwhu zhoiduh surshuwlhv1 D uhdvrqdeoh dvvxpswlrq
zrxog eh wkdw d uhjlph fkdqjh rffxuv lq wklv vlwxdwlrq1 L prgho wklv fkdqjh
ri uhjlph e| dvvxplqj wkdw wkh djhqwv vwrs iroorzlqj wkh vxqvsrw surfhvv dqg
frruglqdwh rq vrph wudmhfwru| frqyhujlqj wr wkh srvlwlyh vwhdg| vwdwh D
46
1 Lw lv
srvvleoh wr gurs wkh dvvxpswlrq ri wkh uhjlph fkdqjh dqg vwxg| wkh lqyduldqw
phdvxuh/ ghshqghqw rq wkh lqlwldo frqglwlrq/ wkdw dulvhv lq wklv fdvh1 Krzhyhu/
wklv h{whqvlrq lv eh|rqg wkh vfrsh ri wkh suhvhqw sdshu1
Wkh surfhvv wkdw vroyhv +49, dqg vwduwv lq wkh ghyhorsphqw wuds hlwkhu vwd|v
lq wkh wuds iruhyhu ru h{lwv wkurxjk wkh xsshu wuds erxqgdu|/ furvvlqj wkh ghwhu0
plqlvwlf vwdeoh pdqlirog ri F1 Lq wkh iruphu fdvh lw h{lvwv iurp w @ w3 wr lqqlw|>
4 6
Vwulfwo| vshdnlqj/ li wkh vxqvsrw surfhvv vwrsv lpphgldwho| dw wkh erxqgdu|/ wkhq wkh
hfrqrp| frqyhujhv wr wkh vwhdg| vwdwh F lq Iljxuh 4 zklfk kdv/ djdlq/ }hur frqvxpswlrq dqg
fdslwdo1 Wr dyrlg wklv/ L kdyh wr dvvxph wkdw wkh vxqvsrw vwrsv dw wkh glvwdqfh ri " deryh wkh
erxqgdu|1 Wkhq/ diwhu wkh vxqvsrw glhv rxw/ L kdyh wkh ghwhuplqlvwlf g|qdplfv/ dqg wkhuh lv
rqo| rqh srvvlelolw| ohiw= frqyhujhqfh wr wkh vwhdg| vwdwh D lq Iljxuh 41
4:lq wkh odwwhu lw ehfrphv ghwhuplqlvwlf dw vrph qlwh wlph dqg wkhq frqyhujhv wr
wkh vwhdg| vwdwh D/ wkxv dovr ehlqj ghqhg xs wr w @ 41 Li wkh surfhvv vwd|v
iruhyhu lq wkh wuds wkhq lw frqyhujhv wr wkh ruljlq zlwk suredelolw| rqh1 Qhlwkhu
ri wkh d{hv fdq eh dwwdlqhg e| wkh surfhvv lq d qlwh wlph1 Wkhuhiruh/ rqo| wzr
srvvlelolwlhv uhpdlq lq wkh olplw w $ 4 = frqyhujhqfh wr wkh ruljlq ru wr wkh
srvlwlyh vwhdg| vwdwh D1 D vnhwfk ri wkh dujxphqw fdq eh irxqg lq Dsshqgl{ E1
Wkh lqwurgxfwlrq ri vhoi0ixooolqj  xfwxdwlrqv grhv qrw fkdqjh wkh orqj whup
surshuwlhv ri wkh prgho1 Wkh vdph wzr rxwfrphv revhuyhg lq wkh ghwhuplqlvwlf
fdvh +zlwkrxw vxqvsrwv, duh dfklhyhg1 P| lqwhuhvw/ krzhyhu/ olhv lq vwxg|lqj
wkh suredelolw| zlwk zklfk dq xqidyrudeoh rxwfrph fdq eh wudqviruphg lqwr d
ehwwhu rqh1
616 Vwrfkdvwlf Vwdelolw| ri wkh Ruljlq
D yhu| vshfldo vwuxfwxuh ri wkh wudqviruphg v|vwhp +49, doorzv ph wr ghulyh
vrph dqdo|wlfdo uhvxowv rq wkh vwdelolw| ri wkh ruljlq xqghu vhoi0ixooolqj eholhiv
gulyhq  xfwxdwlrqv1 Wr suryh wkh dv|pswrwlf vwdelolw| ri wkh ruljlq L zloo xvh
wkh vwdelolw| lq uvw dssur{lpdwlrq1
Ghqlwlrq 4 Wkh vroxwlrq {+w,  3 lv vdlg wr eh vwdeoh lq suredelolw| li/ iru
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Lq sodlq Hqjolvk/ dffruglqj wr wkh ghqlwlrq/ wkh ruljlq lv dv|pswrwlfdoo|
vwrfkdvwlfdoo| vwdeoh li rqh fdq fkrrvh wkh 0qhljkerukrrg ri wkh ruljlq vxfk
wkdw doo wudmhfwrulhv vwduwlqj lq lw zloo uhpdlq lqvlgh d jlyhq 0qhljkerukrrg ri
wkh ruljlq zlwk suredelolw| jrlqj wr 4 dv  jrhv wr 31 Wklv ghqlwlrq lv dqdorjrxv
wr wkh ghqlwlrq ri vwdelolw| lq wkh ghwhuplqlvwlf fdvh1 Pruhryhu/ rqh zdqwv doo
vxfk wudmhfwrulhv wr frqyhujh wr wkh ruljlq dv  jrhv wr 3/ zklfk kdv d forvh
frxqwhusduw lq wkh dv|pswrwlf vwdelolw| lq wkh ghwhuplqlvwlf fdvh1
4;Frqvlghu wzr v|vwhpv ri VGHv/ rqh olqhdu/ dqrwkhu qrqolqhdu=
g[w @ E[gw . [gZw> +4:d,
g[w @ e+w> [,gw . +w> [,gZw= +4:e,
Vxssrvh wkdw frh!flhqwv e+w> {, dqg +w> {, duh forvh wr E dqg 1 Fdq rqh
ghgxfh wkh vwdelolw| ru lqvwdelolw| ri wkh ruljlq iru wkh qrqolqhdu v|vwhp iurp wkh
vwdelolw| ri wkh ruljlq iru +4:d,B Lw wxuqv rxw wkdw li wkh v|vwhp +4:d, lv rewdlqhg
iurp +4:e, e| olqhdul}dwlrq durxqg wkh ruljlq/ dqg wkh ruljlq lv dv|pswrwlfdoo|
vwrfkdvwlfdoo| vwdeoh lq +4:d,/ wkhq lw lv dv|pswrwlfdoo| vwdeoh lq +4:e, dv zhoo1
Wklv uhvxow lv nqrzq dv vwdelolw| lq wkh uvw +olqhdu, dssur{lpdwlrq1
Wkh wulyldo vroxwlrq ri wkh v|vwhp +49, lv dv|pswrwlfdoo| vwdeoh lq suredelolw|
lq d vx!flhqwo| vpdoo qhljkerukrrg ri wkh ruljlq1 Dsshqgl{ F frqwdlqv uhohydqw
wkhruhpv dqg fdofxodwlrqv1
Qrwh wkh glhuhqfh ehwzhhq wkh odvw uhvxow dqg vwdelolw| lq wkh odujh glvfxvvhg
lq Dsshqgl{ E1 Vwdelolw| lq wkh odujh zdv uhvwulfwhg wr wkh vhw ri hyhqwv vxfk wkdw
vdpsoh sdwkv qhyhu ohiw wkh wuds1 Wkh odvw uhvxow grhv qrw xvh wklv uhvwulfwlrq
dqg lv lq wklv vhqvh d eurdghu rqh1
Vxfk d uhvxow phdqv wkdw iru wkh hfrqrp| wkdw vwduwhg yhu| forvh wr wkh
ruljlq/ suredelolw| ri hvfdsh iurp wkh wuds lv orz dqg jrhv wr }hur dv wkh lql0
wldo srlqw dssurdfkhv wkh ruljlq1 Wkhuh lv qr zd| rxw li h{shfwdwlrqv duh yhu|
shvvlplvwlf1 Wkh vxqvsrw yduldeoh fdqqrw { h{shfwdwlrqv li wkh| duh wrr orz wr
ehjlq zlwk1 Wkh uhvxow vkrxog qrw frph dv d vxusulvh frqvlghulqj wkh vshfl0
fdwlrq ri wkh surfhvv wkdw jryhuqv h{shfwdwlrqv1 Dq dgglwlrq wr wkh ghulydwlyh
ri frqvxpswlrq gxh wr wkh vxqvsrw yduldeoh lv sursruwlrqdo wr wkh fxuuhqw ohyho
ri frqvxpswlrq lwvhoi1 Lq wkh prgho/ orz h{shfwdwlrqv phdq orz frqvxpswlrq1
Wkhuhiruh/ lq d shvvlplvwlf vwdwh wkh vxqvsrw yduldeoh h{huflvhv yhu| olwwoh lq x0
hqfh lq devroxwh whupv1 Dv vwdwhg suhylrxvo|/ iru wkh hfrqrp| frqyhujlqj wr wkh
ruljlq wkh glvwdqfh wr wkh erxqgdu| ri wkh sryhuw| wuds ehfrphv yhu| odujh dv
d shufhqwdjh ri wkh fxuuhqw ohyho ri frqvxpswlrq1 Wkh lq xhqfh ri wkh vxqvsrw
yduldeoh jhwv vpdoohu dv wkh ohyho ri frqvxpswlrq jhwv vpdoo1 Wkh rqo| uhdolvwlf
4<fkdqfh ri hvfdsh frphv zkhq wkh glvwdqfh wr wkh erxqgdu| lv qrw h{srqhqwldoo|
odujh dqg wkh vxqvsrw lq xhqfh lv qrw qhjoljleoh1 Erwk uhtxluhphqwv duh vdwlvhg
zkhq wkh frqvxpswlrq ohyho lv qrw wrr orz/ zklfk phdqv h{shfwdwlrqv duh qrw
wrr shvvlplvwlf1
Qrz L kdyh wr pdnh d glvwlqfwlrq ehwzhhq wkh vwdelolw| ri wkh ruljlq lq wkh
ghwhuplqlvwlf v|vwhp +9, dqg wkh vwrfkdvwlf v|vwhp +49,1 Wkh edvlq ri dwwudfwlrq
ri wkh ruljlq lq wkh iruphu v|vwhp lv d vhw lq +{> |, vsdfh wkdw iru vrph ydoxhv
ri | lv xqerxqghg lq {1 Wkh vroxwlrq ri +49, lv jxdudqwhhg wr frqyhujh wr wkh
ruljlq rqo| dv wkh lqlwldo frqglwlrq frqyhujhv wr }hur1 Iru dq| qrq0}hur lqlwldo
frqglwlrq/ wkhuh lv d srvlwlyh suredelolw| wkdw wkh wudmhfwru| zloo qrw frqyhujh
wr wkh ruljlq1 D vroxwlrq ri +49, wkdw vwduwhg rxwvlgh wkh vx!flhqwo| vpdoo
qhljkerukrrg ri wkh ruljlq lv qrw jxdudqwhhg wr frqyhujh wr lw ru wr uhpdlq
qhdu lw dw doo1 Wkhuhiruh/ iroorzlqj d vxqvsrw yduldeoh ohdyhv wkh srvvlelolw| wkdw
wkh hfrqrp| zloo hvfdsh wkh sryhuw| wuds1
7 Krz Jrrg lv wkh FkdqfhB
Wr xqghuvwdqg krz lpsruwdqw vxqvsrw0gulyhq  xfwxdwlrqv frxog eh iru wkh hfrq0
rp|*v hvfdsh iurp wkh sryhuw| wuds/ vrph qxphulfdo vlpxodwlrqv ri vwrfkdvwlf
glhuhqwldo htxdwlrq +48, zhuh shuiruphg1 Iluvw/ wr rewdlq d uhdolvwlf qrlvh
pdjqlwxgh/ edwfkhv ri 433 wudmhfwrulhv hdfk zlwk glhuhqw qrlvh lqwhqvlwlhv vwduw0
lqj iurp wkh srvlwlyh vwhdg| vwdwh D ri wkh ghwhuplqlvwlf v|vwhp zhuh uxq iru
633 wlph xqlwv +|hduv,1 D qrlvh lqwhqvlw| wkdw uhvxowhg lq dssur{lpdwho| 47(
vwdqgdug ghyldwlrq ri wkh orj frqvxpswlrq zdv fkrvhq1 Wklv qxpehu lv forvh wr
wkh dyhudjh uhsruwhg iru vhyhudo ghyhorslqj frxqwulhv e| Phqgr}d +4<<8,1 Wkh
vhfrqg vwhs zdv wr fdofxodwh wkh vhsdudwul{ ri wkh wzr uhjlrqv ri dwwudfwlrq1 Wklv
vhsdudwul{ lv wkh vwdeoh pdqlirog ri wkh vwhdg| vwdwh F ri wkh wudqviruphg v|vwhp
+9,1 D vwdqgdug surfhgxuh zdv hpsor|hg= fdofxodwh wkh hljhqyhfwru fruuhvsrqg0
lqj wr wkh vwdeoh hljhqydoxh dw F dqg uxq wkh v|vwhp ri glhuhqwldo htxdwlrqv
+9, edfnzdugv lq wlph iurp d srlqw forvh wr F lq wkh gluhfwlrq ri wkh hljhqyhf0
wru1 Pdwode8 surfhgxuh rgh78 zdv xvhg wr fdofxodwh wkh wudmhfwru|1 Xvlqj wkh
53wudqvirupdwlrq lqyhuvh wr +8,/ wklv wudmhfwru| zdv wudqviruphg lqwr +f> n, vsdfh
lq zklfk ixuwkhu vlpxodwlrqv zhuh pdgh1 Wkh vhsdudwul{ lv wkh wklfn vrolg olqh
lq Iljxuhv 4061
Qxphulfdo vlpxodwlrqv ri VGH duh edvhg rq d vwrfkdvwlf Wd|oru h{sdqvlrq1
Iru d eulhi h{srvlwlrq ri wkh qxphulfdo vroxwlrq ri VGHv edvhg rq Norhghq/
Sodwhq/ dqg Vfkxu} +4<<7, wkh uhdghu lv uhihuuhg wr Dsshqgl{ G1 L uxq edwfkhv
ri 433 wudmhfwrulhv zlwk lqlwldo srlqwv lqvlgh wkh ghwhuplqlvwlf sryhuw| wuds1 Wkh
vkduh ri wudmhfwrulhv furvvlqj wkh wuds erxqgdu| lv lqwhusuhwhg dv d suredelolw|
wkdw vxqvsrw0gulyhq  xfwxdwlrqv ri d jlyhq pdjqlwxgh zloo ohdg wr wkh hvfdsh
iurp wkh wuds1 Iru wkh sxusrvhv ri wkh vlpxodwlrqv/ wkh wlph lqwhuydo iurp 3
wr 633 zdv fkrvhq1 Doo wudmhfwrulhv hlwkhu furvvhg wkh erxqgdu| ru pryhg yhu|
forvh wr wkh ruljlq lq wkh +F> N, vsdfh gxulqj wklv wlph lqwhuydo
47
1
Wkh edvlf uhvxow ri wklv vhfwlrq fdq eh vwdwhg dv iroorzv= iru wkh fkrvhq ohyho
ri qrlvh lqwhqvlw|/ wkh suredelolw| ri hvfdslqj wkh wuds lv qrw qhjoljleoh rqo|
zkhq wkh lqlwldo frqglwlrq lv yhu| forvh wr wkh wuds erxqgdu|1 Wkh lqlwldo ohyho ri
frqvxpswlrq/ F/ vkrxog qrw eh ohvv wkdq ;3( ri wkh erxqgdu| ohyho lq rughu wr
vhh dw ohdvw d frxsoh ri hvfdshv lq d edwfk ri 433 wudmhfwrulhv1 Wkh suredelolw|
lv qrw yhu| vhqvlwlyh wr wkh lqlwldo ohyho ri fdslwdo1 Iljxuh 7 sorwv wkh suredelolw|
ri hvfdsh dyhudjhg ryhu lqlwldo fdslwdo ohyho yhuvxv wkh glhuhqfh ehwzhhq wkh
lqlwldo dqg erughuolqh ohyhov ri frqvxpswlrq1 Dv h{shfwhg/ lw lqfuhdvhv dv h{0
shfwdwlrqv ehfrph pruh rswlplvwlf +wkh glhuhqfh ehfrphv vpdoohu,1 Iljxuh 8
suhvhqwv vlploduo| dyhudjhg phdq dqg phgldq hvfdsh wlphv iru wudmhfwrulhv wkdw
hyhqwxdoo| ohdyh wkh wuds1 Iru yhu| rswlplvwlf h{shfwdwlrqv +lqlwldo frqvxpswlrq
yhu| forvh wr wkh erxqgdu|, dq devroxwh pdmrulw| ri hvfdshv kdsshq zlwklq wkh
uvw |hdu1 Iru wkh ihz wudmhfwrulhv wkdw hvfdsh iurp shvvlplvwlf lqlwldo frqglwlrqv
+frqvxpswlrq idu iurp wkh erxqgdu|, wkh wlph lv pxfk orqjhu/ 63 |hduv ru pruh1
4 7
Frqglwlrqdo rq qrw furvvlqj wkh erxqgdu|/ wkh ruljlq lv vwrfkdvwlfdoo| vwdeoh lq wkh odujh1
D wudmhfwru| zdv frqvlghuhg dv kdylqj frqyhujhg wr wkh ruljlq lq wkh +{/| , vsdfh dqg fru0
uhvsrqglqjo| lq wkh Ec g vsdfh li *L}Eg ihoo ehorz 31 Iru wkh srvlwlyh vwhdg| vwdwh D/
orjEg@:1651 Lqlwldo srlqwv iru vlpxodwlrq sxusrvhv ydulhg iurp *L}Eg@7 wr *L}Eg@;1 Lq
sudfwlfh/ diwhu dssur{lpdwho| 433 |hduv wkh qrq0hvfdshg vroxwlrqv zrxog ehfrph qxphulfdoo|
lqglvwlqjxlvkdeoh iurp wkh ruljlq lq wkh +F/N , vsdfh1
54Iljxuh 7= Suredelolw| ri hvfdsh dv d ixqfwlrq ri wkh glvwdqfh wr wkh sryhuw| wuds
erxqgdu|



























Wkh dqvzhu wr wkh txhvwlrq srvwhg dw wkh ehjlqqlqj ri wkh vhfwlrq wkhq lv
 Qrw yhu| jrrg1 Lw lv srvvleoh wr plvv wkh wdujhw ohyho ri frqvxpswlrq +dqg
zrun hruw, dqg vwloo dyrlg idoolqj lqwr wkh sryhuw| wuds/ exw wkh jds vkrxog qrw
eh odujh1 H{shfwhg hvfdsh wlph dqg hvfdsh suredelolw| duh lqyhuvho| uhodwhg/ dqg
wkh surjqrvlv iru fkurqlfdoo| wudsshg hfrqrplhv lv qrw jrrg1 Kljko| suredeoh
hvfdsh kdsshqv yhu| idvw> li wkhuh lv qr hvfdsh/ wkh lpsorglqj hfrqrplhv zloo
suredeo| frqwlqxh wkh grzqzdug vsludo1
55Iljxuh 8= Phdq dqg phgldq hvfdsh wlph dv d ixqfwlrq ri wkh glvwdqfh wr wkh
sryhuw| wuds erxqgdu|

















8 Dqdo|wlfdo Hvwlpdwhv ri wkh Hvfdsh Suredelo0
lw|
Lq wklv vhfwlrq L zloo h{sorlw wkh vshflf jhrphwulf vwuxfwxuh ri wkh prgho +48,
wr ghulyh vrph yhu| dssur{lpdwh hvwlpdwhv ri wkh hvfdsh suredelolwlhv1 Iru
ydoxhv ri wkh lqlwldo fdslwdo wkdw duh qrw odujhu wkdq lq wkh srvlwlyh vwhdg| vwdwh/
frqvxpswlrq ydoxhv wkdw sxw wkh v|vwhp lqwr wkh ghyhorsphqw wuds jhqhudwh d
yhu| orz ydoxh ri {> xvxdoo| ohvv wkdq 313338/ zklfk lv vljqlfdqwo| orzhu wkdq wkh
ydoxh ri |> zklfk lv dssur{lpdwho| 313581 Iru d wudmhfwru| lq wkh ghyhorsphqw
wuds/ { fdq rqo| ghfuhdvh1
Frqvlghu djdlq wkh v|vwhp ri VGH +48,1 Irupdoo| vxewudfw wkh vhfrqg htxd0
56wlrq iurp wkh uvw wr rewdlq wkh iroorzlqj uhodwlrqvkls=
g+f  n, @ ^+
d
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`gw . h gZw= +4;,
Qrwlfh wkdw wkh vdph uhvxow frxog eh ghulyhg e| fkdqjlqj wr wkh yduldeohv +f 
n> n, dqg nhhslqj rqo| wkh uvw htxdwlrq1 Xvlqj wkh idfw wkdw { @ h{s+zyn.xf,
lv pxfk ohvv wkdq plq+| @ h{s+f  n, >  
.

,> L fdq ghulyh wkh iroorzlqj
dssur{lpdwh VGH=
g]w  ^h{s+]w, .  
 . 

`gw . h gZw= +4<,
Wklv lv d rqh0glphqvlrqdo htxdwlrq lq ] @ f  n= Lqlwldo frqglwlrq ]3 lv jlyhq e|
+f  n,
j
 g> zkhuh g ghqrwhv lqlwldo glvwdqfh wr wkh erxqgdu|1 Wkh erxqgdu|






,= Dqrwkhu dssur{lpdwlrq zrxog eh wr vxevwlwxwh h{s+]3, iru h{s+]w,













gw . gZw= +53,
Frqvlghu d w|slfdo wudmhfwru| wkdw vwduwv lq wkh ghyhorsphqw wuds lq Iljxuh
41 Lqlwldo { lv yhu| vpdoo/ dqg | lv doprvw xqfkdqjhg rq wkh vwdeoh pdqlirog iru





 = D wudmhfwru| hvfdshv wkh wuds li lwv | frpsrqhqw
lqfuhdvhv e| wkh dprxqw jlyhq e| wkh glhuhqfh ehwzhhq |

dqg |3= Dovr qrwh
wkdw ] @ f  n lv vlpso| d prqrwrqlf wudqvirupdwlrq ri |> ] @ oq+|,= Wkhuhiruh/
wkh wudmhfwru| ohdyhv wkh wuds li ]w dfklhyhv vrph {hg ydoxh1 Wkh surfhvv








1 L zdqw wr






ryhu lwv lqlwldo ydoxh/ mxvw
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,> vhh Ndudw}dv dqg Vkuhyh +4<<4/ s14<:,1
Ilqdoo|/ vxevwlwxwlqj wkh ydoxh ri e> L ghulyh wkh suredelolw| ri hvfdsh dv













57Wkh h{suhvvlrq mxvw ghulyhg ghprqvwudwhv wkdw wkh hvfdsh suredelolw| vkrxog eh
ghfuhdvlqj lq wkh glvwdqfh wr wkh erxqgdu| dqg lqfuhdvlqj lq wkh pdjqlwxgh ri
wkh vxqvsrw qrlvh/ dv h{shfwhg1 Txdgudwlf ghshqghqfh rq wkh qrlvh jxdudqwhhv
wkdw hyhq wkh prvw shvvlplvwlf lqlwldo frqglwlrqv gr qrw suhfoxgh dq hvfdsh jlyhq
kljk hqrxjk qrlvh pdjqlwxgh1 Lq vkruw/ lw sd|v wr ehkdyh qrq0rswlpdoo|1
Lw lv yhu| olnho| wkdw +54, lv qrw d yhu| dffxudwh ghvfulswlrq ri wkh hvfdsh
suredelolw|1 Rqh vrxufh ri wkh glvfuhsdqf| lv wkdw iru odujh g> zkhq wkh vdpsoh
sdwk vwduwv folpelqj wrzdugv wkh erxqgdu|/ lw hqwhuv wkh uhjlrq zkhuh guliw e lv
ohvv lq devroxwh ydoxh wkdq dw wkh lqlwldo srlqw1 Wuxh suredelolw| ri hvfdsh zloo eh
kljkhu wkdq jlyhq e| wkh irupxod1 Iru vpdoo g> rq wkh rwkhu kdqg/ lw lv srvvleoh
wr kdyh d vdpsoh sdwk lqlwldoo| pryh dzd| iurp wkh erxqgdu| dqg wkhq frph
edfn1 Vxfk d sdwk vshqgv vrph wlph lq wkh uhjlrq zlwk guliw e kljkhu wkdq wkh
rqh jlyhq e| lqlwldo frqglwlrqv/ dqg wkh wuxh hvfdsh suredelolw| zloo suredeo| eh
vpdoohu wkdq suhglfwhg e| +54,1
Iljxuh 9 sorwv orj+S , yv g+4  h
g
,1 Wkh djuhhphqw lv vxusulvlqjo| jrrg
jlyhq wkh qxpehu ri dvvxpswlrqv L kdg wr pdnh wr duulyh dw wkh h{suhvvlrq iru
wkh hvfdsh suredelolw|1 Wkh glhuhqfh ehwzhhq qxphulfdo uhvxowv dqg +54, kdv
h{shfwhg vljq  srvlwlyh iru odujh g dqg qhjdwlyh iru vpdoo rqhv1
9 Frqfoxvlrq
Sryhuw| wudsv dqg lqghwhuplqdf| lq pdfurhfrqrplf prghov pd| eh fdxvhg
e| wkh vdph vhw ri uhdvrqv/ olnh h{whuqdolwlhv ru lqfuhdvlqj uhwxuqv wr vfdoh1
Zrrirug*v frqmhfwxuh/ suryhq wr krog lq d eurdg vhw ri glvfuhwh0wlph dqg frqwlqxrxv0
wlph prghov/ doorzv rqh wr h{shfw wkh suhvhqfh ri vxqvsrw  xfwxdwlrqv zkhq0
hyhu lqghwhuplqdf| ri wkh vwhdg| vwdwh lv suhvhqw1 Krzhyhu/ wkh wudglwlrqdo
dssurdfk wr vxqvsrw  xfwxdwlrqv lv vwulfwo| orfdo= wkh vxqvsrw yduldeoh lv dv0
vxphg wr ehkdyh lq vxfk d zd| wkdw wkh hfrqrp| vxemhfw wr vhoi0ixooolqj eholhiv
vkrfnv grhv qrw ohdyh wkh uhjlrq ri wkh vwdwh vsdfh zkhuh wkh g|qdplfv zlwkrxw
vxqvsrwv wdnhv sodfh1 Wklv lv xvxdoo| dfklhyhg e| fkrrvlqj d udqgrp yduldeoh
zlwk erxqghg vxssruw dv wkh vxqvsrw yduldeoh1 Frqvlghulqj d wzr0glphqvlrqdo
58Iljxuh 9= Suredelolw| ri hvfdsh dv d ixqfwlrq ri wkh glvwdqfh wr wkh wuds erxqgdu|



















frqwlqxrxv0wlph prgho doorzv rqh wr ghvfuleh ixoo| erwk ghwhuplqlvwlf dqg vwr0
fkdvwlf g|qdplfv ri wkh v|vwhp1 Delolw| wr glvfxvv joredo surshuwlhv ri wkh
vwrfkdvwlf surfhvv doorzhg ph wr udlvh d qhz txhvwlrq/ wkdw ri wkh frqqhfwlrq
ehwzhhq wkh vxqvsrw gulyhq  xfwxdwlrqv dqg hvfdsh iurp wkh sryhuw| wuds1
Wdnlqj d vlpsoh prgho wkdw h{klelwv lqghwhuplqdf| ri erwk wkh srvlwlyh
vwhdg| vwdwh dqg }hur vwhdg| vwdwh L zdv deoh wr suryh wkdw wkh ghyhorsphqw
wuds lv dv|pswrwlfdoo| vwrfkdvwlfdoo| vwdeoh xqghu wkh fkrvhq vshflfdwlrq ri wkh
vxqvsrw yduldeoh/ zklfk fdq eh lqwhusuhwhg dv d fkdqjh lq shufhlyhg suhvhqw
glvfrxqwhg zhdowk1 Wkhuhiruh wkh hfrqrp| wkdw vwduwv zlwk d yhu| orz lqlwldo
fdslwdo dqg yhu| shvvlplvwlf h{shfwdwlrqv ri ixwxuh lqwhuhvw udwhv dqg zdjhv
jhwv wudsshg1 Krzhyhu/ wklv dqdo|wlfdo uhvxow lv ydolg rqo| dv|pswrwlfdoo| dqg
hfrqrplhv vwduwlqj zlwk qlwh ohyhov ri fdslwdo dqg frqvxpswlrq kdyh qrq}hur
59suredelolw| ri hvfdsh1 Wr hvwlpdwh qxphulfdoo| wklv suredelolw| dv d ixqfwlrq
ri lqlwldo frqglwlrqv/ L dvvxphg wkdw wkh hfrqrplhv ri vhyhudo ghyhorslqj frxq0
wulhv rshudwhg durxqg wkh srvlwlyh vwhdg| vwdwh zlwk exvlqhvv f|foh  xfwxdwlrqv
fdxvhg e| wkh vxqvsrwv ghvfulehg lq wkh prgho1 Doorzlqj wkh vxqvsrwv ri vlplodu
pdjqlwxgh wr dfw lq wkh hfrqrp| zlwk lqlwldo frqglwlrqv lq wkh sryhuw| wuds/ L
zdv deoh wr pds wkh wuds iru lqlwldo frqglwlrqv surylglqj qrq0qhjoljleoh sure0
delolw| ri hvfdsh1 Wkh vhw ri wkrvh lqlwldo frqglwlrqv lv qrw yhu| odujh dqg lv
uhvwulfwhg wr dq lqlwldo ohyho ri frqvxpswlrq zlwklq 53( ri wkh ohyho qhfhvvdu| wr
sxw wkh v|vwhp uljkw rq wkh erxqgdu| ehwzhhq wkh sryhuw| wuds dqg wkh uhjlrq
ri dwwudfwlrq ri wkh srvlwlyh vwhdg| vwdwh1 Dw hyhu| qlwh ohyho ri wkh fdslwdo
vwrfn/ wkhuh h{lvwv d ohyho ri frqvxpswlrq +dqg/ dffruglqjo|/ ri wkh zrun hruw,
wkdw zlwkgudzv wkh v|vwhp iurp wkh sryhuw| wuds1 Krzhyhu/ iru yhu| orz ohy0
hov ri fdslwdo wkh fkdqjh iurp d shvvlplvwlf rswlpdo ohyho ri frqvxpswlrq wr
wkh rswlplvwlf rqh pd| frqvwlwxwh kxqguhgv dqg wkrxvdqgv ri shufhqw ri wkh
shvvlplvwlf ohyho1 Dqdo|wlfdo dssur{lpdwlrqv vkrzhg jrrg djuhhphqw zlwk wkh
qxphulfdo uhvxowv1
Wkh shvvlplvwlf rxwfrph lv eurxjkw derxw e| wkh vxqvsrw zlwk pdjqlwxgh
sursruwlrqdo wr wkh fxuuhqw ohyho ri frqvxpswlrq1 D glhuhqw vshflfdwlrq ri
wkh vxqvsrw yduldeoh pljkw ohdg wr pruh rswlplvwlf uhvxowv lq wklv prgho1 Hyhq
d vxqvsrw yduldeoh wkdw lv sursruwlrqdo wr wkh fxuuhqw frqvxpswlrq fdq eh pruh
hhfwlyh lq prghov zkhuh d sryhuw| wuds lv qrw wkh ruljlq1 Wkhq wkh pdjqlwxgh
ri wkh vxqvsrw grhv qrw frqyhujh wr }hur dv wlph jrhv wr lqqlw|/ dqg wkh hvfdsh
fdq eh lqhylwdeoh jlyhq hqrxjk wlph1
Wkhuh duh vhyhudo reylrxv h{whqvlrqv ri wkh zrun suhvhqwhg khuh1 Zrun lv
lq surjuhvv rq wkh prghov zlwk lqwhulru sryhuw| wudsv/ olnh wkh rqhv ghvfulehg
lq Pdwvx|dpd +4<<4,/ Jdol dqg ]lolerwwl +4<<8,/ Jdqv +4<<;,/ ru Edodqg dqg
Iudqfrlv +4<<9,1 Dqrwkhu lqwhuhvwlqj txhvwlrq lv zkhwkhu wkh vxqvsrw htxlole0
ulxp ghvfulehg khuh fdq eh ohduqhg dv d uhvxow ri vrph ohduqlqj surfhvv1 Dw
suhvhqw lw lv xqfohdu krz wr h{whqg wkh zrun grqh lq Hydqv dqg Krqndsrkmd
+4<<<, wr frqwlqxrxv wlph1 Krzhyhu/ diwhu wklv lv grqh/ rqh frxog vwxg| wkh
5:ohduqdelolw| ri lqghwhuplqdwh Sduhwr lqihulru vwhdg| vwdwhv dqg ri vxqvsrw0gulyhq
htxloleulxp g|qdplfv wkdw h{lvwv lq wkh sryhuw| wuds1 Lw pljkw eh srvvleoh wr
vwduw zlwk d glvfuhwh wlph dssur{lpdwlrq wr wkh prgho dqg dvn wkh txhvwlrq rq
ohduqdelolw|1 Jrlqj wr wkh olplw dv wlph shulrg frqyhujhv wr }hur zloo doorz rqh
wr ghprqvwudwh zklfk frqwlqxrxv0wlph htxloleuld fdq eh wkrxjkw wr eh vwdeoh
xqghu wkh ohduqlqj dqg zklfk fdqqrw1 Ilqdoo|/ d whvw ri wkh hvfdsh phfkdqlvp
suhvhqwhg khuh pljkw eh srvvleoh li rqh frxog ghprqvwudwh wkh h{lvwhqfh ri/ dqg
phdvxuh wkh lpsruwdqfh ri/ vxqvsrwv lq wkh ghyhorslqj hfrqrplhv1 Krzhyhu/
fxuuhqw phwkrgv ri whvwlqj iru vxqvsrwv uhtxluh hlwkhu kljk iuhtxhqf| hfrqrplf
gdwd/ dv lq Iduphu dqg Jxr +4<<8,/ ru wkh h{lvwhqfh ri kljko| ghyhorshg qdq0
fldo pdunhwv dqg wkh fruuhvsrqglqj wlph vhulhv/ dv lq Vdo|hu dqg Vkhulq +4<<;,1
Erwk frqglwlrqv duh xqolnho| wr eh phw lq wkh hfrqrplhv iru zklfk wkh txhvwlrq
ri hvfdsh iurp wkh sryhuw| wuds lv uhohydqw1
5;D Ghulydwlrq ri wkh Vwrfkdvwlf Glhuhqwldo Htxd0
wlrq
Wkh Lw÷ wkhruhp/ irxqg lq dq| vwdqgdug wh{werrn rq vwrfkdvwlf fdofxoxv olnh
Ndudw}dv dqg Vkuhyh +4<<4,/ vwdwhv wkh iroorzlqj=
Wkhruhp 4 Ohw vwrfkdvwlf surfhvv [w eh zulwwhq dv d g0glphqvlrqdo vwrfkdvwlf
glhuhqwldo/
g[w @ ewgw . IwgZw=
Ohw X = ^3> W `  U
g












n> l @ 4> 5===g> dqg ghqh d vfdodu surfhvv i\w> 3  w  W j e|
\w @ X +w> [w,












































Dv lv hdv| wr vhh/ wkh rqo| glhuhqfh ehwzhhq d xvxdo fkdlq uxoh dqg wkh Lw÷














= Wdnlqj { @ h{s+z . xf 
yn, dqg | @ h{s+f  n, dv \w lq wkh irupxod/ L rewdlq wkh v|vwhp ri htxdwlrqv
suhvhqwhg lq +49,1
E Joredo Vwrfkdvwlf G|qdplfv
Iluvw/ lw lv qhfhvvdu| wr ghprqvwudwh wkdw wkh vwrfkdvwlf surfhvv lv xqltxh dqg
h{lvwv iru doo w  w3= Wkhq L zloo vkrz wkdw d sduwlfxodu wudmhfwru| wkdw vwduwhg lq
wkh ghyhorsphqw wuds dqg hyroyhg vxemhfw wr wkh vxqvsrw  xfwxdwlrqv dffruglqj
wr +49, fdq hyroyh lq rqh ri wzr srvvleoh zd|v1 Rqh lv frqyhujhqfh wr wkh
srvlwlyh vwhdg| vwdwh D dqg dqrwkhu/ frqyhujhqfh wr wkh ruljlq E/ h{dfwo| olnh
lq wkh ghwhuplqlvwlf yhuvlrq ri wkh prgho1 Doo wkh wkhruhpv dqg ghqlwlrqv flwhg
5<khuh duh wdnhq iurp Nkdvplqvnll +4<;3,/ zkhuh doo wkh surriv fdq eh irxqg/ dqg
duh suhvhqwhg khuh rqo| wr jhqhudwh d uhodwlyho| vhoi0frqwdlqhg dffrxqw1
Zulwh d jhqhudo pxowlglphqvlrqdo VGH lq wkh lqwhjudo irup/







Ghqh Olsvfklw} frqwlqxlw| dqg olqhdu jurzwk frqglwlrqv dv iroorzv=
me+v> {,  e+v> |,m . m+v> {,  +v> |,m  E m{  |m > +56d,
me+v> {,m . m+v> {,m  E+4 . m{m,= +56e,
Ohw F5 eh wkh fodvv ri ixqfwlrqv rq L  U
q
$ U zklfk duh wzlfh frqwlqxrxvo|
glhuhqwldeoh zlwk uhvshfw wr {4==={q dqg frqwlqxrxvo| glhuhqwldeoh zlwk uhvshfw
wr w1 Ohw Y 5 F5= Iru wkh surfhvv jlyhq e| +55, OY +v> {, lv ghqhg dv






















Frqvlghu wkh iroorzlqj uhvwulfwlrqv rq wkh ixqfwlrq Y =
OY  fY> +57d,
YU @ lqi
m{mAU
Y +w> {, $ 4 dv U $ 4= +57e,
Wkh iroorzlqj wkhruhp frqvlghuv wkh h{lvwhqfh/ xqltxhqhvv/ dqg fhuwdlq surs0
huwlhv ri wkh vroxwlrq wr +55,1
Wkhruhp 5 +Wkhruhp 61714, Vxssrvh wkdw frqglwlrqv +56, duh ydolg lq hyhu|
f|olqghu L  XU dqg/ pruhryhu/ wkdw wkhuh h{lvwv d qrqqhjdwlyh ixqfwlrq Y 5 F5
rq wkh grpdlq U
q
vxfk wkdw iru vrph frqvwdqw f A 3 frqglwlrqv +57, krog1
Wkhq=
l, Iru hyhu| udqgrp yduldeoh [w3 lqghshqghqw ri wkh surfhvv Zw  Zw3 wkhuh
h{lvwv d vroxwlrq [w> xqltxh xs wr htxlydohqfh
48
/ ri htxdwlrq +55, zklfk lv dq
doprvw vxuho| frqwlqxrxv vwrfkdvwlf surfhvv dqg lv xqltxh xs wr htxlydohqfh1
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63Frqfoxvlrqv lll,/ ly,/ dqg y, ri wkh Wkhruhp gr qrw frqfhuq ph khuh dqg duh
rplwwhg1
Wkh surfhvv vdwlvi|lqj doo wkh frqglwlrqv ri wkh Wkhruhp lv d uhjxodu surfhvv
49
1
D uhjxodu surfhvv lv doprvw vxuho| ghqhg iru doo w  w3=
Lq wkh iroorzlqj glvfxvvlrq/ L zloo uhvwulfw dwwhqwlrq wr wkh vhw ri wudmhfwrulhv
wkdw vwduw lq wkh ghyhorsphqw wuds dqg qhyhu ohdyh lw1 Pruh irupdoo|/ ghqrwh
 j+v> {, wlph ri wkh uvw h{lw wkurxjk wkh xsshu erxqgdu| +vwdeoh pdqlirog ri
F, iru wkh wudmhfwru| wkdw vwduwhg dw +v> {, lq wkh wuds1 Frqvlghu rqo| wkh vhw ri
hyhqwv X vxfk wkdw  j+v> {, @ 4= D wulyldo dssolfdwlrq ri doo wkh dujxphqwv lq
Nkdvplqvnll +4<;3, wkhq ghprqvwudwhv wkdw doo wkh uhvxowv suryhg wkhuh iru U
q
krog iru X=
Iru wkh v|vwhp ri htxdwlrqv +49, d vlpsoh hqhuj| ixqfwlrq zloo vx!fh1 Vhw


































Y lv reylrxvo| qrqqhjdwlyh dqg OY lv qhjdwlyh hyhu|zkhuh exw dw wkh ruljlq dqg
lq wkh qhljkerukrrg ri wkh vwhdg| vwdwh F1 Wdnh 5h 
5
dv wkh frqvwdqw f lq +57,1
L kdyh mxvw vkrzq wkdw wkh surfhvv ghqhg e| +49, h{lvwv iru doo w  w3 dqg lv
xqltxh li lw grhv qrw ohdyh wkh wuds1 Li lw grhv ohdyh wkh wuds/ e| dvvxpswlrq wkh
vdpsoh sdwk ehfrphv d vroxwlrq wr wkh ghwhuplqlvwlf htxdwlrq +9, dqg frqyhujhv
wr wkh srvlwlyh vwhdg| vwdwh D1
Ohw xv qrz frqvlghu wkh vhw ri hyhqwv vxfk wkdw wkh wudmhfwru| qhyhu ohdyhv wkh
uhjlrq lq wkh +{> |, vsdfh zkhuh OY ? 3
4:
1 Wklv uhjlrq lv wkh zkroh ghyhorsphqw
wuds plqxv d vpdoo qhljkerukrrg ri wkh vwhdg| vwdwh F1 Ghqrwh wklv vhw X41
4 9





L? ' t% 	 ? lv lqqlwh zlwk suredelolw| rqh1
4 :
Lq wkh qh{w Dsshqgl{ L zloo vkrz wkdw wkh ruljlq lv dv|pswrwlfdoo| vwrfkdvwlfdoo| vwdeoh/
zklfk phdqv wkdw wudmhfwrulhv wkdw vwduw forvh hqrxjk frqyhujh wr wkh ruljlq1 Vxfk wudmhfwrulhv
qhyhu ohdyh wkh uhjlrq zkhuh uT 	 f dqg wklv vxevhw ri L lv wkxv qrw hpsw|1
64Ghqlwlrq 5 Wkh vroxwlrq [w @ 3 ri htxdwlrq +55, lv vdlg wr eh +dv|ps0





w @ 3` @ 41
L zdqw wr vkrz wkdw iru doo hyhqwv lq X4 wkh ruljlq lv vwdeoh lq wkh odujh1 Wkh
iroorzlqj wkhruhp lv xvhg wr suryh wkh uhvxow1
Wkhruhp 6 +Wkhruhp 81718, Wkh iroorzlqj frqglwlrqv duh vx!flhqw iru wkh
vroxwlrq [w @ 3 ri htxdwlrq +55, wr eh vwdeoh lq wkh odujh=
l, wkh surfhvv [w lv uhjxodu>
ll, wkhuh h{lvwv d qrqqhjdwlyh ixqfwlrq Y4+w> {, 5 F
3
5 vxfk wkdw wkh ixqfwlrq
OY4 lv qhjdwlyh ghqlwh>
lll, wkhuh h{lvwv d srvlwlyh ghqlwh ixqfwlrq Y5+w> {, 5 F
3
5 > kdylqj dq lqql0
whvlpdo xsshu olplw/ vxfk wkdw OY5  31
Fodvv F
3
5 glhuv iurp fodvv F5 e| gursslqj glhuhqwldelolw| dw { @ 3= Lq0




Y +w> {, @ 3= Li Y grhv qrw ghshqg rq
w h{solflwo|/ rqo| olp
{$3
Y +{, @ 3 lv qhhghg1 Xvlqj wkh vdph O|dsxqry ixqfwlrq




> L vhh wkdw lq X4 doo wkh frqglwlrqv ri wkh wkhruhp
duh vdwlvhg1 Wkhuhiruh/ dq| wudmhfwru| wkdw vwduwhg lq wkh ghyhorsphqw wuds/
qhyhu ohiw lw/ dqg qhyhu zdqghuhg forvh wr wkh vwhdg| vwdwh F/ zloo frqyhujh wr
wkh ruljlq1 Wkh rwkhu wzr srvvlelolwlhv iru wklv wudmhfwru| duh ohdylqj wkh wuds
wkurxjk wkh xsshu erxqgdu| ru prylqj lqwr wkh qhljkerukrrg ri wkh vwhdg|
vwdwh F zkhuh { lv yhu| vpdoo1
Dujxphqwv suhvhqwhg lq Vhfwlrq 8 vkrz wkdw d surfhvv qhdu F fdq eh dssur{0
lpdwhg e| d Eurzqldq prwlrq zlwk guliw dorqj wkh | gluhfwlrq1 Wkhuhiruh/ wkh
surfhvv fdq klw wkh wuds erxqgdu| zlwk d suredelolw| fdofxodwhg lq wkdw Vhfwlrq1
Dowhuqdwlyho|/ lw fdq ohdyh wkh orzhu erxqgdu| ri wkh qhljkerukrrg ri F dqg
hqwhu wkh uhjlrq zkhuh X4 lv qhjdwlyh1 Wkh suredelolw| ri grlqj vr lq d qlwh
wlph/ frqglwlrqhg rq wkh idfw wkdw wkh surfhvv grhv qrw ohdyh wkurxjk wkh xsshu
erxqgdu| uvw/ lv rqh1 Wkh surfhvv fdqqrw klw wkh | d{lv lq d qlwh wlph1 D
wkhruhp iurp Iulhgpdq dqg Slqvn| +4<:6, vwdwhv wkdw d surfhvv wkdw vroyhv +55,
65fdqqrw klw d forvhg grpdlq  li qrupdo frpsrqhqwv ri erwk guliw dqg glxvlrq
ydqlvk rq C= Lw lv lpphgldwho| reylrxv wkdw rq wkh | d{lv wkhuh lv qr guliw ru
glxvlrq frpsrqhqw lq wkh { gluhfwlrq iru +49,1 Wkhuhiruh/ wkh | d{lv fdqqrw eh
dwwdlqhg e| rxu vwrfkdvwlf surfhvv
4;
1
F Dv|pswrwlf Vwdelolw| lq wkh Iluvw Dssur{lpd0
wlrq
Wkhruhp 7 +Nkdvplqvnll +4<;3,/ Wkhruhp :1414, Li wkh olqhdu v|vwhp zlwk
frqvwdqw frh!flhqwv +4:d, lv dv|pswrwlfdoo| vwdeoh lq suredelolw|/ dqg wkh frh!0
flhqwv ri wkh v|vwhp +4:e, vdwlvi| dq lqhtxdolw|
me+w> {,  E{m . m+w> [,  {m ? m{m/ +58,
lq d vx!flhqwo| vpdoo qhljkerukrrg ri wkh srlqw { @ 3 dqg zlwk vx!flhqwo| vpdoo
frqvwdqw > wkhq wkh vroxwlrq [ @ 3 ri wkh qrqolqhdu v|vwhp lv dv|pswrwlfdoo|
vwdeoh lq suredelolw|1
Uhpdun 4 Lq wkh surri ri Wkhruhp :1414/ Nkdvplqvnll dfwxdoo| vkrzv wkdw li
wkh ruljlq lq +4:d, lv h{srqhqwldoo| s0vwdeoh iru vx!flhqwo| vpdoo s dqg +58,
krogv/ wkhq wkh Wkhruhp lv wuxh1 Iru olqhdu v|vwhpv zlwk frqvwdqw frh!flhqwv/
dv|pswrwlf vwdelolw| lq suredelolw| lpsolhv h{srqhqwldo s0vwdelolw| iru vx!flhqwo|
vpdoo s +Wkhruhp 91714 lq Nkdvplqvnll 4<;3,1
Ghqlwlrq 6 H{srqhqwldo s0vwdelolw|/ Nkdvplqvnll +4<;3,1 Wkh vroxwlrq [  3
ri wkh v|vwhp +55, lv vdlg wr eh h{srqhqwldoo| s0vwdeoh iru w  3/ li iru vrph








Wkhruhp 8 +Nkdvplqvnll +4<;3,/ Wkhruhp 91614, Wkh vroxwlrq [  3 ri wkh
olqhdu v|vwhp zlwk frqvwdqw frh!flhqwv lv h{srqhqwldoo| s0vwdeoh li dqg rqo| li
4 ;
Dfwxdoo|/ erwk % dqg + d{hv duh xqdwwdlqdeoh lq d qlwh wlph1
66wkhuh h{lvwv d ixqfwlrq Y+w/{,/ krprjhqhrxv ri ghjuhh s lq {/ vxfk wkdw iru vrph
frqvwdqwv nl A 3
n4m{m
s
 Y +w> {,  n5m{m
s
















Dsso|lqj Wkhruhp 7/ L fdq vhh wkdw wkh vwdelolw| ri wkh ruljlq lq +49, ghshqgv
rq wkh vwdelolw| ri wkh ruljlq lq wkh iroorzlqj olqhdu v|vwhp=










,gw . x{h gZw








,gw . |h gZw= +5:,












































































D txlfn orrn dw +45, dvvxuhv rqh wkdw OY +w> {,  n6m{m
s
iru s vpdoo hqrxjk1
Wkhuhiruh/ e| Wkhruhp 8 wkh vroxwlrq [  3 ri wkh v|vwhp +5:, lv h{srqhq0
wldoo| s  vwdeoh/ dqg e| Uhpdun 4/ wkh wulyldo vroxwlrq ri wkh v|vwhp +49, lv
dv|pswrwlfdoo| vwdeoh lq suredelolw| lq d vx!flhqwo| vpdoo qhljkerukrrg ri wkh
ruljlq1
G Qxphulfdo Dssur{lpdwlrq Dojrulwkp
Vxssrvh rqh lv jlyhq d rqh0glphqvlrqdo VGH +55,/







Iru dq| wzlfh frqwlqxrxvo| glhuhqwldeoh ixqfwlrq i = U $ U> Lwe r*v irupxod
67jlyhv

















































Qrz/ li rqh dssolhv Lwe r*v irupxod wr wkh ixqfwlrqv i @ e dqg i @  xqghu
lqwhjudo vljqv lq +5<,/ rqh jhwv wkh iroorzlqj=
[w @ [w3 . e+[w3 ,
w ]
w3


































Wkh surfhgxuh fdq eh uhshdwhg/ iru h{dpsoh e| dsso|lqj Lwe r*v irupxod wr
i @ O
4
 lq wkh deryh h{suhvvlrq/ dqg vr rq1 Dw hyhu| vwhs/ wkh h{sdqvlrq zloo












pxowlsolhg e| vrph frqvwdqwv/ dqg wkh uhpdlqghu whup lqyroylqj kljkhu0rughu
pxowlsoh Lwe r lqwhjudov1 Pxowlsoh lqwhjudov fdq eh dssur{lpdwhg qxphulfdoo|1
D xvxdo sureohp lq wkh qxphulfdo vlpxodwlrq ri VGHv lv wr jhqhudwh dssur{0
lpdwh ydoxhv ri wkh surfhvv [w dw jlyhq glvfuhwl}dwlrq wlphv lqvlgh wkh lqwhuydo




wkh vlpsohvw dssur{lpdwlrq zloo orrn olnh
\q.4 @ \q . e+\q,q . +\q,Zq> \3 @ [3= +63,
68Wkh udqgrp yduldeohv Zq duh wkh Zlhqhu surfhvv lqfuhphqwv> wkh| duh lqgh0
shqghqwo| Jdxvvldq glvwulexwhg zlwk }hur phdq dqg yduldqfh =










iru doo vx!flhqwo| vpdoo wlph vwhsv  dqg vrph qlwh frqvwdqw N> lw lv vdlg wkdw
wkh dssur{lpdwlrq \

frqyhujhv zlwk vwurqj rughu = Iru h{dpsoh/ wkh vwrfkdv0
wlf Hxohu vfkhph +63, frqyhujhv zlwk vwurqj rughu 318/ zkloh lwv ghwhuplqlvwlf
frxqwhusduw kdv wkh rughu 4131
Iru sxusrvhv ri wkh fxuuhqw sdshu/ dq h{solflw vwurqj rughu 418 vfkhph zdv
xvhg1 Iru d pxowl0glphqvlrqdo surfhvv [ zlwk rqo| rqh lqghshqghqw Zlhqhu
glvwxuedqfh
4<























































> n @ 4===N lv wkh n
wk
frpsrqhqw ri wkh pxowlglphqvlrqdo yhfwru \






















q= Wzr udqgrp yduldeohv Zq dqg ]q
fdq eh jhqhudwhg iurp wzr lqghshqghqw vwdqgdug qrupdo yduldeohv J4 dqg J5













Wkdw lv/ iru d v|vwhp olnh v|vwhp +48,1 L kdyh fkrvhq wr vlpxodwh +48, lqvwhdg ri htxlydohqw
v|vwhp +49, ehfdxvh wkh iruphu kdv qrlvh lqwhqvlw| lqghshqghqw ri vwdwh yduldeohv1 Iru wkh
dssur{lpdwlrq vfkhph fkrvhq/ wklv uhsuhvhqwhg d pdmru vlpsolfdwlrq lq surjudpplqj1
69Uhihuhqfhv
Dqgurqry/ D1 D1/ H1 Ohrqwrylfk/ L1 Jrugrq/ dqg D1 Pdlhu +4<:6,=
Txdolwdwlyh Wkhru| ri Vhfrqg0Rughu G|qdplfdo V|vwhpv1 Mrkq Zloh| ) Vrqv/
Qhz \run dqg Wrurqwr1
Dulirylf/ M1/ M1 Exoodug/ dqg M1 Gxii| +4<<:,= Wkh Wudqvlwlrq iurp Vwdj0
qdwlrq wr Jurzwk= Dq Dgdswlyh Ohduqlqj Dssurdfk/ Mrxuqdo ri Hfrqrplf
Jurzwk/ 5+5,/ 4;853<1
D}duldglv/ F1 +4<;4,= Vhoi0Ixooolqj Surskhflhv/ Mrxuqdo ri Hfrqrplf Wkh0
ru|/ 58/ 6;36<91
D}duldglv/ F1/ dqg D1 Gud}hq +4<<3,= Wkuhvkrog H{whuqdolwlhv lq Hfrqrplf
Ghyhorsphqw/ Wkh Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 438+5,/ 8348591
Edodqg/ M10P1/ dqg S1 Iudqfrlv +4<<9,= Lqqrydwlrq/ Prqrsrolhv/ dqg wkh
Sryhuw| Wuds/ Mrxuqdo ri Ghyhorsphqw Hfrqrplfv/ 7</ 4844:;1
Ehqkdele/ M1/ dqg U1 H1 I duphu +4<<7,= Lqghwhuplqdf| dqg Lqfuhdvlqj
Uhwxuqv/ Mrxuqdo ri Hfrqrplf Wkhru|/ 96/ <:4451
Exujxhw/ U1/ dqg M1 Ihuqdqgh}0Uxl} +4<<;,= Jurzwk Wkurxjk Wd{hv ru
EruurzlqjB D Prgho ri Ghyhorsphqw Wudsv zlwk Sxeolf Fdslwdo/ Hxurshdq
Mrxuqdo ri Srolwlfdo Hfrqrp|/ 47/ 65:6771
Flffrqh/ D1/ dqg N1 Pdwvx|dpd +4<<9,= Vwduw0Xs Frvwv dqg Shfxqldu|
H{whuqdolwlhv dv Eduulhuv wr Hfrqrplf Ghyhorsphqw/ Mrxuqdo ri Ghyhorsphqw
Hfrqrplfv/ 7</ 668<1
Guxjhrq/ M10S1/ dqg E1 Zljqlrooh +4<<9,= Frqwlqxrxv0Wlph Vxqvsrw
Htxloleuld dqg G|qdplfv lq d Prgho ri Jurzwk/ Mrxuqdo ri Hfrqrplf Wkh0
ru|/ 9</ 57851
Gxii|/ M1 +4<<7,= Rq Ohduqlqj dqg wkh Qrqxqltxhqhvv ri Htxloleulxp lq
dq Ryhuodsslqj Jhqhudwlrqv Prgho zlwk Ildw Prqh|/ Mrxuqdo ri Hfrqrplf
Wkhru|/ 97/ 8748861
6:Hy dqv/ J1 Z1/ dqg V1 Krqndsrkmd +4<<<,= Ohduqlqj G|qdplfv/ lq Kdqg0
errn ri Pdfurhfrqrplfv/ hg1 e| M1 E1 Wd|oru/ dqg P1 Zrrgirug/ yro1 41 Hovh0
ylhu/ Dpvwhugdp1
Hy dqv/ J1 Z1/ dqg V1 Krqndsrkmd +5334,= Ohduqlqj dqg H{shfwdwlrqv lq
Pdfurhfrqrplfv1 Sulqfhwrq Xqlyhuvlw| Suhvv/ Sulqfhwrq/ QM1
I duphu/ U1 H1 D1/ dqg M10W1 Jxr +4<<8,= Wkh Hfrqrphwulfv ri Lqghwhupl0
qdf|= Dq Dssolhg Vwxg|/ Fduqhjlh0Urfkhvwhu Frqihuhqfh Vhulhv rq Sxeolf
Srolf|/ 76/ 5585:41
Iodp/ V1 G1/ dqg O1 M1 Plupdq +4<<;,= Jurslqj iru Rswlpdo Jurzwk/
Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/ 56/ 4<453:1
Iulhgpdq/ D1/ dqg P1 D1 Slqvn| +4<:6,= Dv|pswrwlf Vwdelolw| dqg Vsl0
udolqj Surshuwlhv iru Vroxwlrqv ri Vwrfkdvwlf Htxdwlrqv/ Wudqvdfwlrqv ri wkh
Dphulfdq Pdwkhpdwlfdo Vrflhw|/ 4;9/ 66468;1
Jdol/ M1 +4<<7,= Prqrsrolvwlf Frpshwlwlrq/ Hqgrjhqrxv Pdunxsv/ dqg
Jurzwk1/ Hxurshdq Hfrqrplf Uhylhz/ 6;/ :7;:891
+4<<8,= Surgxfw Glyhuvlw|/ Hqgrjhqrxv Pdunxsv/ dqg Ghyhorsphqw
Wudsv/ Mrxuqdo ri Prqhwdu| Hfrqrplfv/ 69/ 6<961
Jdol/ M1/ dqg I1 ]lolerwwl +4<<8,= Hqgrjhqrxv Jurzwk dqg Sryhuw| Wudsv
lq d Frxuqrwldq Prgho/ Dqqdov G*hfrqrplh hw gh Vwdwlvwltxh/ 3+6:26;,/ 4<:
5461
Jdqv/ M1 V1 +4<<;,= Wlph Odjv dqg Lqglfdwlyh Sodqqlqj lq d G|qdplf Prgho
ri Lqgxvwuldol}dwlrq/ Mrxuqdo ri wkh Mdsdqhvh dqg Lqwhuqdwlrqdo Hfrqrplhv/
45/ 4364631
Judqgprqw/ M10P1 +4<;9,= Vwdelol}lqj Frpshwlwlyh Exvlqhvv F|fohv/ Mrxu0
qdo ri Hfrqrplf Wkhru|/ 73/ 8::91
Ndudw}dv/ L1/ dqg V1 H1 Vkuhyh +4<<4,= Eurzqldq Prwlrq dqg Vwrfkdvwlf
Fdofxoxv1 Vsulqjhu0Yhuodj/ Qhz \run/ Ehuolq dqg Khlghoehuj1
6;Nkdvplqvnll/ U1 ]1 +4<;3,= Vwrfkdvwlf Vwdelolw| ri Glhuhqwldo Htxdwlrqv1 Vl0
mwkr ) Qrrugkrri/ Doskhq ddq ghq Ulmq/ Wkh Qhwkhuodqgv1
Norhghq/ S1 H1/ H1 Sodwhq/ dqg K1 Vfkxu} +4<<7,= Qxphulfdo Vroxwlrq
ri VGH Wkurxjk Frpsxwhu H{shulphqwv1 Vsulqjhu0Yhuodj/ Ehuolq/ Khlghoehuj
dqg Qhz \run1
Ohh/ M1 +4<<9,= Ilqdqfldo Ghyhorsphqw e| Ohduqlqj/ Mrxuqdo ri Ghyhorsphqw
Hfrqrplfv/ 83/ 47:4971
Oxfdv/ Mu/ U1 H1 +4<;9,= Dgdswlyh Ehkdylru dqg Hfrqrplf Wkhru|/ Mrxuqdo
ri Exvlqhvv/ 8</ V734V7591
Pdwvx|dpd/ N1 +4<<4,= Lqfuhdvlqj Uhwxuqv/ Lqgxvwuldol}dwlrq/ dqg Lqghwhupl0
qdf| ri Htxloleulxp/ Wkh Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 439+5,/ 94:9831
Phqgr}d/ H1 J1 +4<<8,= Wkh Whupv ri Wudgh/ wkh Uhdo H{fkdqjh Udwh/ dqg
Hfrqrplf Ioxfwxdwlrqv/ Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 69/ 43446:1
Shuol/ U1 +4<<;,= Lqfuhdvlqj Uhwxuqv/ Krph Surgxfwlrq dqg Shuvlvwhqfh ri
Exvlqhvv F|fohv/ Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/ 55/ 84<8761
Uxvvhoo/ W1/ dqg D1 ]hfhylf +4<<;,= O|dsxqry Vwdelolw|/ Uhjlrqv ri Dwwudf0
wlrq/ dqg Lqghwhuplqdwh Jurzwk Sdwkv/ Hfrqrplfv Ohwwhuv/ 8;/ 64<6571
Vdo|hu/ N1 G1/ dqg V1 P1 Vkhiiulq +4<<;,= Vsrwwlqj Vxqvsrwv= Vrph Hyl0
ghqfh lq Vxssruw ri Prghov zlwk Vhoi0Ixooolqj Surskhflhv/ Mrxuqdo ri Prq0
hwdu| Hfrqrplfv/ 75/ 8448561
Vkljrnd/ W1 +4<<7,= D Qrwh rq Zrrgirug*v Frqmhfwxuh= Frqvwuxfwlqj Vwdwlrq0
du| Vxqvsrw Htxloleuld lq d Frqwlqxrxv Wlph Prgho/ Mrxuqdo ri Hfrqrplf
Wkhru|/ 97/ 8648731
Vnled/ D1 N1 +4<:;,= Rswlpdo Jurzwk zlwk d Frqyh{0Frqfdyh Surgxfwlrq
Ixqfwlrq/ Hfrqrphwulfd/ 79/ 85:86<1
6<Vshdu/ V1 H1 +4<<4,= Jurzwk/ H{whuqdolwlhv/ dqg Vxqvsrwv/ Mrxuqdo ri Hfr0
qrplf Wkhru|/ 87/ 5485561
Vshdu/ V1 H1/ V1 Vuly dvwd y d/ dqg P1 Zrrgirug +4<<3,= Lqghwhuplqdf|
ri Vwdwlrqdu| Htxloleulxp lq Vwrfkdvwlf Ryhuodsslqj Jhqhudwlrqv Prghov/
Mrxuqdo ri Hfrqrplf Jurzwk/ 83/ 5985;71
Zrrgirug/ P1 +4<;9,= Vwdwlrqdu| Vxqvsrw Htxloleuld lq d Ilqdqfh Frq0
vwudlqhg Hfrqrp|/ Mrxuqdo ri Hfrqrplf Wkhru|/ 73/ 45;46:1
+4<<3,= Ohduqlqj wr Eholhyh lq Vxqvsrwv/ Hfrqrphwulfd/ 8;/ 5::63:1
73